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Standard functions

1. Introduction

The Exp-function method was proposed in 2006 by He and Wu [1] to seek solitary solutions, periodic solutions and com-
pacton-like solutions of nonlinear differential equations. It has been demonstrated that the Exp-function method, with the
help of symbolic computation, provides a powerful mathematical tool for solving high-dimensional nonlinear evolutions in
mathematical physics. The Exp-function method has been exploited for the determination of exact solutions of many non-
linear differential equations [2-5]; we give only a few of many references available.

Several alternative modifications of the Exp-function method have been developed. The tanh, extended tanh, improved
tanh and generalized tanh function methods [6-9], sech and rational Exp-function method [10], the modified simplest equa-
tion method [11] and many similar standard function methods are also successfully used for the construction of solutions of
nonlinear differential equations.

An analytical criterion determining if a solution of a differential equation can be expressed in an analytical form compris-
ing exponential functions is developed in [12]. The employment of this criterion does not only give an answer to the above-
stated question but gives the structure of the solution so that one does not have to guess what the form of the solution is. The
load of symbolic calculations is brought before the structure of the solution is identified. This is in contrary to the Exp-func-
tion type methods where the structure of the solution is first guessed, and then symbolic calculations are exploited for the
identification of parameters.

The object of this paper is to develop and generalize Exp-function type methods. We seek three objectives in this process:

(i) To investigate possibilities to express solutions of differential equations in forms comprising not only exponential,
hyperbolic tangent functions, but other standard functions (for example radical functions). The objective is to form
a class of standard functions which could be used to express solutions of a widest possible class of differential
equations.
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(ii) To develop a convenient computational algorithm for the identification of the structure of the solution. These algo-
rithms must eliminate the need for guessing how the structure of the solution looks like. In this sense our approach
is an alternative (and much more general) method compared to Exp-function type methods where the structure of the
solution is first guessed, and only then symbolic computations are used to calculate appropriate coefficients. Our algo-
rithm identifies the structure of the solution automatically and provides information on how the solution is expressed
in a form comprising a standard function (if it is a sum of standard functions, a ratio of sums of standard functions, or
even a more complex form involving standard functions).

(iii) It is well known that eigenvalues and eigenvectors play a central role in analysis of linear differential equations. It
would be of high interest to find analogies of eigenvalues and eigenvectors for nonlinear differential equations and
dynamical systems. We propose an insight into nonlinear dynamical systems through the definition of the H-rank,
the Hankel characteristic equation and its solutions.

2. Preliminary definitions

2.1. Functions and their extensions

Definition 1. A function f(x;So,...,S,_1), Where

+00 _ f
f=F(50,-.,5n1) = _Di(S0,--,5n1) L 7 J X —cl <R (1)

j=0

is called an extended function if its domain is extended from its region of convergence |x — c| < Ry into a wider region

(the real axis or the complex plane) with the exception of a limited number of special singular points xq,...,Xn
where lim,_.|f(x)| = +o0; i =1,2,...,m; where x,c € R;{so,51,...,5,-1} is a finite set of parameters; n is the number of
parameters; So,Si,...,S,-1 € C; complex functions p;(so,...,S,-1) are polynomials, ratios of polynomials or radicals of
polynomials.

Fys,...s, , is denoted as a set of extended functions.

Definition 2. A function

where q;; qo=1; q; = Hj;l](a +bk); q; #0; j=1,2,... are coefficients of the expansion, is called a standard function.
We will use several standard functions for the construction of generalized solutions of differential equations (we analyze
these solutions only on the real x-axis):

+00

X
Y1 (x) =Zj7; yi(x) =exp(x); xeR; q;=1,
o I

= 1 .
V200 = ¥ X <1y, () =75 x# 1 g =], (3)
j=0

y (x):fwxf- (D=1, 1M=1;31=1---3 -\x|<1- y (x):#~ x<1- g =2j— 1!
3 ]:0 j! Il b ) b k) b 10 27 3 \/,1—_—2—)27 27 _) e

Necessary order derivatives of the described functions do exist and this fact will be not stressed further on.

2.2. Differential and multiplicative operators

Definition 3. The generalized differential operator is defined as [13]:
D:=Q¢Ds, +---+Qu 1Ds ., (4)
where Qy,...,Q, 1 €Fs,, 5, ,; Fs,..5, , i a set of extended functions which do not depend on x;F;, s, , C Fxs, Dy, are

conventional linear differential operators (partial differentiation is performed in respect of a parameter s;);
Dg :=1; j=0,1,...,n—1; 1is an identical linear operator.

..... Sn1°
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Usual properties of differentiation hold for the generalized differential operator [13]:

D(zm:qf}) = zm:Cj . Df};
=

=
oy =3 () (0%) (o)

Df"™ = mf™ ' Df; (5)
Dji _ (Dffi — fu(Dfi)

fi- 7

m,n:O,l,...; Cjec;j:172~"'am; k7l:1127"'7n; f',fkvﬁeFX:So ..... Spo1*

It can be noted that the generalized differential operator sometimes is referred to as a vector field [15].

Definition 4. The multiplicative operator [13] is a linear operator:
+oo Xj .
G:=Gp ::ZﬁD’. (6)
j=0
It can be noted that the multiplicative operator is denoted as the exponential operator Gp := e*’ in [15,16].
We will enumerate several properties of the multiplicative operator:

m m
GZ ij}' = Z Cijj‘;
= =
Gf(c;So, . ,Sn-1) = f(Ge; GSo, - . ., GSp1); (7)

Gﬁc(c§507 —sSn1) _ filGe;Gso, -, GSpa)
filc;so, .y sn1)  fi(Ge; Gso, ..., GSp1)

where ;e G j=1,2,....,m; f(X;S0,...,5n-1), [i(X;S0,---,Sn-1), [1(X;S0, ... ,Sn-1) € Fxisg,os0 1+
For example,
el = (x4 0)"; ePf(c;s0,...,801) =f(C+X;S0,...,Sn-1). (8)

2.3. Operator method for solving ordinary differential equations

2.3.1. First order ordinary differential equations, the initial value problem
The exact solution of a differential equation

Yy =P1(x,y); ¥(X0;S) =S; X0 € R; ¥ € Fys, 9)
reads [13]:
& (x — xo) ;
=3 B0+ PicsDs)| (10)
j=0 ’ c=Xg

where the superscript denotes a full derivative and the subscript denotes the variable of differentiation. It can be noted that
the solution is expressed in a form of an infinite order polynomial.

2.3.2. nth order ordinary differential equations, the initial value problem
The exact solution of an initial value problem

Y =Pa(x, 9, Yi- . Y

() (11)
Yx (X;SO’S]““’S"*]”X:XU =Sj; Xo € R;PH(X,SO./S],.A.,SH,]) eF)(:So ..... Sp_1
reads:
+00 X — X,
y=3 ¥=5l (pg)| (12)
j=0 S c=Xg
where

D= Dc + 51Dy, +52Ds, + -+ Su-1Ds, , + Pu(C.50,51, -, Sa-1)Ds, - (13)



Z. Navickas et al./Applied Mathematics and Computation 216 (2010) 2380-2393 2383

Example 1. Let D"'sy = 0, but D"sy # 0. Then, D"*ksg = 0 for k= 1,2, ..., and y(x;S0,51,...,5n_1) = Z]'?:O(X}—iq’)j (Diso) le=xo

meaning that the function y(x;so,s1,...,S,_1) is an nth order polynomial of x. It can be noted that {cD"s|c € C} C KerD.

2.3.3. Systems of first order ordinary differential equations, the initial value problem
The exact solution of a system of differential equations

z, = R(x,z,u, v); 2(Xo; S0, $1,S2) = So;
u;:P(szzuy U)§U(X0§50751752) =513 (14)
v, = Q(X,z,U, V); ¥(Xo; S0, S1,52) = Sa;

reads:
+00 J
s (X =X0) 1y .
z=) i (D] 50) ’
j=0 c=Xo
+00
x—x0) /1y
u=> =5 () (15)
j=0 c=Xg
+0oo X —X j .
v=3 E2 ()|
j=0 ' c=Xp
where D = D, + R(c, So, $1,52)Ds, + P(C, So,51,52)Ds, + Q(C, So,51,52)Ds,.
Example 2. The generalized differential operator for a system
z, = 1;2(X0;¢,8) =G (16)
U, =4;U(Xo;C,5) =5;

reads: D = D, +$D;.Thus,D°c = ¢; Dc = 1; D% =s; Ds = £; butD°c = D°s = 0.Thus, the expression on the solution (z, u) reads:
Z=C+(X—Xo);

17
u:s+§(x—xo). (17)
It can be noted that the system (16) is equivalent to the differential equation xy’ = y which general solution is
S
y =ax; (a:EeC). (18)
2.4. The H-rank of a sequence
A Hankel matrix [14] for the sequence (p;; j =0,1,2,...) where p; € Fys,..s,, Or p; € Cis defined as:
Do P1 - Pna
H,:— | Pv P2 P n=1,2,. ... (19)
Pn1 Pn 0 P

Definition 5. A sequence (p;; j € Zo) has an H-rank Hr(p;; j € Zo) = m; m € Zg, m < +oo if the sequence of determinants of
Hankel matrixes has the following form: (di;ds;...;dm;0;0;...); where dp, # 0;d; 1 =dmi2 =---=0.

Definition 6. The length of a sequence (p;; jeZo) is L(p;; j€Zo)=m; meZy, if the sequence has the form
(p0§p1§ -3 Pms 0;0;.. ~): where Dm # 0§pm+l =Pm2="""= 0.

Corollary 1. If L(p;;j € Zo) = m; m < +oo, then Hr(p;;j € Zp) = m.

Definition 7. The characteristic Hankel equation for a sequence (p;; j € Zo) which H-rank is equal to m is defined as:

Po P1 - DPm
P1 P2 - Pmn
det e =0. (20)
Pm-1 Pm - DPama
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Expansion of the determinant in Eq. (20) yields an mth order algebraic equation for determination of roots of the character-
istic equation:

P+ AR AP AP+ A =0. (21)

Corollary 2. The following statement holds true [14]:Let Hr(p;; j € Zo) = m and the multiplicity of roots p,, p,, - .., p, of the char-

acteristic equation (Eq. (21)) is accordingly my,m,, ..., my; er:ﬂ"r = m. Then,
I my—1 :
. JN\ i
=30 > ) )it 22)
r=1 k=0

where pu,,, p, € C.
The opposite statement also holds true. If Eq. (22) holds, then

Hr(pij € Zo) =mi +my + -+ m,. (23)

Definition 8. A sequence is entitled as an algebraic sequence if elements of that sequence (p;; j € Zo) are defined by Eq. (22).

We assume that p,, <f<)p’r’k =0if ({() = 0 what is true when 0 <j < k, where (;{) = Wik),

Corollary 3. In case when all roots of the characteristic equation are different, Eq. (22) obtains a more simple form:

pi= upk (24)
r=1

It can be noted that coefficients yu,, (or just u.) can be found solving the linear algebraic system of equations (p,, p,, ..., P,
are already determined):

l

my—1 i . .
ZZ@)W"urk:pﬁ j=01,....m-1 =

r=1 k=0

This system of equations always has the only solution [14].
It can be also noted that one can use Eq. (22) or Eq. (24) to calculate all elements of the series (p;; j € Zo) starting from p,,,
if Hr(p;; j € Zo) = m and the first 2m elements of that series are known.

Example 3. Lets consider a sequence (py;p;:p,;0;0;...) where p, # 0 and p; = 0; j = 3,4,.... Then, detHs = —p3 = 0; but
detH; =0 for j=4,5,.... Thus, Hr(py; p1;p»;0;0;...) = 3. It is clear that

Po P1 P2 O
pp po 0 O

=0 26
p, 0 0 0 , (26)
1 p p* p

what yields p3p; = 0; p; = p, = p; = 0. Therefore, finally:

pj:p00’+p1<1>0i*1+pz(é)0ﬁz; j=0,1,2,..., where0°:=1; 0' =0’ =-.- = 0. (27)

2.5. Changing the independent variable of a differential equation

The independent variable of a differential equation can be changed in order to produce a more convenient form of the
exact solution of a differential equation.
Let an invertible function is given by following equalities:

X:=Q2); z=yX). (28)
Then following expressions hold:
Z =y, = i
@;
2ol g P (29)

(@)’ 7 (@)
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Also, for every function
Yy =YX =y(@2) = 0(2) = 0Y(x)) = (30)

following equalities hold:

1
! I / .
Yi= Oy V= . C Oy
z

. 2, " 1 " Pz (31)
Yiw = Ol (V)™ + Ol Vi = 5+ O,y = 25700,y
(¢%) (%)
Thus,
1

Vil :*,‘0)/;

ot o,
R 32
_ -z ) (32)

ygc/x|x: 7 2z :
O () ()’

Merging Egs. (29)-(32) into one equality and using symbol 7 to identify the change of variable in the differential equation
yields:

T(vayy;u.y;(/x . ) = (Xlx:(p(z);y|x:(p(z);y;(‘x:q)(z);y;lxh:(p(z); o > (33)
or
/ /! 1 / 1 /! ” /
T(X Y Vi Vi - - -) = <(p(z);w;/~wz;,2'cuzz - (p/”3 ~wz;-~~>. (34)
Pz (q)z) ((pz)

For example, the image of a second order differential equation (Eq. (11) at n = 2) takes the following form after the variable
change x = ¢(2):

1 /! 4 / l /
——5 Wy, — %23 w, =P, <(p(z); w,—,wz>. (35)
(1) (%) @z
Example 4. Several typical variable changes are listed below:
(i) Exponential variable change exp(ax) = z:
TV Vi Ve ) = (& Inz; w; 0zew); o (o), + 20); .. ) (36)
(ii) Logarithmic variable change o/lnx = z:
/ /! Z Z / 22 1 /
T(XY; Vi Vi - -) = (exp (5);(1); exp (—&) ,; €Xp <_E> (o, — a));.. ) (37)
(iii) Symmetric variable change £ = z:
/ /! a 22 / 223 / 24 1"
r(x;y;yx;yxx; .. ) = (E’ w; —sz;?wz + E(Du; .. ) (38)

where o is a parameter of the variable change; « € R; o # 0.

3. Main theorems

We will prove one of the fundamental properties of the generalized differential operator. This property can be used to
express a solution of a differential equation in a form comprising standard functions.
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3.1. Theorem 1

The formulation of the Theorem.

(a) A generalized differential operator D:=Q;Ds, +---+Q,Ds,;; Qq,...,Q, € F, ., is used to calculate functions
=D's; pjeF 5 i=01,...

(b) A rule qo:=1; g1 = [L_o(a+bk); j=0,1,2,... is used to construct a sequence (q;; j € Zo); a,b €C are such con-
stants that g; > 0.

(A) Then, three followmg statements can have a sense (but can be individually true or not true):
(i) p; _qJZr 1,ur)r, where A, w, € Fs, s,; Ak # 4 and y, 0 when k# 1 and k,I1=1,2,....,m; meN and is a
fixed constant; j =0,1,2,.

(ii) Hr ‘p] j€Zy) =m neN and is a fixed constant. Also, roots of Hankel characteristic equation
P1; pz,.”,pn € F;, s, are all different.

(iii) There exists a set of functions v,,7,,..., Vs, 01,02,...,08 € Fs__5, , (1 € Nand is a fixed constant) which sat-
isfy following conditions:

@n#ys oc#0;
()G]+O'2+ -+ 05 =S;
(€)Doy = 0Ok Yy;
(d)Dy, = Bi;
where k# Lk=1,2,...,n;0,8 € C.
(B) Statements (i), (ii) and (iii) are equivalent.

(39)

Proof

1. The equivalency of statements (i) and (ii) follows from results proven in [14]. Also, m=n and 4 = p, when
k=1,2,...,m
2. Lets assume that the statement (iii) holds true. Then, p, = D°s = s = q,s;

:DZar = ZDO} = ocZa,yr =q, Zo—,yr.

We make a proposition that D’s =p; = [P A+ B> " 0,75 j e N and is a fixed constant. Then,

) j-1 n ) j-1 n j
D*'s =Dp; = [J(a+ ) DY ((Don)y + ai(Dy)) = [J(o+ D) D (2ot + o i) = T [ (o + B) ZGH}’, =Din-
1=0 r=1 1=0 r=1 1=0 r=1
(40)
Thus, the statement (ii) (and the statement (i)) holds true.
3. Lets assume that statements (i) and (ii) hold true. Then,
. m . m . . S N
D*'s=qDY " pl = q;y - (ADw,) +iw A (Din)). (41)
r=1 r=1
Thus, the following system of equations is produced:
S N 1 LI
> (A0 +ju i (D)) = g % 2 (42)

r=1
which is satisfied if following identities hold: Dy, = a2, and D4, = by, 2. Thus, the system of equations has at least one

solution. On the other hand, the extended Van-Der-Mond determinant of coefficients at unknowns Dy, and D2, (when j
sweeps over any of natural numbers 0 <j; <j, <+ <jom)

2 J o i j1-1 : 1—1 i J1-1

ooy i A Jile % o 1l

22 ]2 2J2 i Jja—1 i 221 j2—1

I I S SR N PY (O JaHa s ]zlum;

J2 J2 2 ; Joam—1 2 J

)~1m ;~2"l T /“)%m JomMa 4 " ]Zmﬂz) " e JZm.u ) a
J1 J1 o) j1-1 11 j1—1
A Y SRR -L S Wk A s Jp AL
j j N . i1 ja—1 c jp—1
;LJz /-le . AJZ ;sz i L M2

=l | T 2 m  J2A J2%3 T2t (43)

i i i . N 1 P S
)v)]Zm )LJZZm . )'an{n sz)']]mn B m/“LJZZm - JZmA]n%‘m 1
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cannot be equivocally equal to zero. Thus, the solution of the system of equations is the only one. Finally, the validity of the
statement (iii) follows from the validity of statements (i) and (ii) at m=n; A4 =7y,; W, =0 k=1,2,..., i; a=o and
b=p O

It can be noted that Theorem 1 holds only when all roots of the Hankel characteristic equation are different.
Theorem 1 forms the theoretical background for the construction of general solutions of differential equations. Let a se-

quence (D's; j € Zy) satisfy equivalent statements (i), (ii) and (iii) of the Theorem 1. Then, a general solution
¥ =Y(x;S0,51;--.,5._1) of a differential equation can be expressed in the following form:

_V(X:,50751> . snl quzur ‘r X XO

where f(x) is a standard function defined in Definition 2.

m

Z‘“rz (X —Xo) 4:ZHrf(ir(X—Xo)); (44)
r=1

r=1 =0

3.2. Theorem 2

Roots of the Hankel characteristic equation coincide with roots of the standard characteristic equation
A — ap_ 2™ — ... —a;4— ap = 0 for linear differential equations with constant coefficients.

Proof. The initial value problem reads:
Y = Anoay "D+ @Y+ QoYY (XS0, - Smot) e, = 7

(45)
r=0,1,...,m-1; ap,ay,...,am_1 €R.
We select q; =1; j=0,1,2,....
Then, the generalized differential operator takes the following form (Eq. (13)):
D = 51Dy, + $2Ds, + -+ + Su-1Ds,, , + (Am-1Sm-1 + - - - + A1S1 + AoSo)Ds,,_, - (46)
It can be noted that —dgSg — a;Dsp — - - - — @m_1D™ 'sg + D™sg = 0 because
—0pSo — A1S1 — - -+ — Am—1Sm—1 + Am-1Sm—1 + - - - + @1S1 + ApSo = 0. Thus,
—agD’sg — a1DH So— - — Am_1 D™ sg + D’””so =0; j=0,1,2,.... The last equalities yield:
D So DSO s DmSO
2 m+1
dpsy = det | DS0 - Do D50l _ g, (47)
Dms0 Dm+1so . D2mSO
But
DOSO cee Dm7150
dp=det| ... ... ... |#0 (48)
Dmf‘lso . D2m7250

Thus, the sequence of determinants is (dy;d,; ... ;dm; 0;0;...). Therefore, Hr(D's; j = 0,1,2,...) = m. Moreover, b = 0 because
q; = 1. Next, one has to find roots of the Hankel characteristic equation py, p,,..., Pp.
If all roots are different, then D'sy = S 1 (S0,51,- -+ Sm_1) p’r Thus, Dy, = pu.p,;Dp, =0; r=1,2,...,m— 1. Finally,

y:ZH,(SO~,517---75m71)exp(pr(X*XO))- O (49)
r=1

It can be noted that in general case not only roots but also their multiplicities of the Hankel characteristic equation coin-
cide with roots of the standard characteristic equation if only the equation is a linear differential equation with constant
coefficients.

3.3. The case when some roots of the Hankel characteristic equation are multiple

It is clear that Theorem 1 does not hold when some roots of the Hankel characteristic equation are multiple. In that case
the structure of the solution becomes more complex and cannot be expressed a form comprising only standard functions
(the independent variable also figures in the expression then). We will give a short discussion and an example though this
is an object of the future research.

Let DiS:Qjer:1ZZ1:'61Mrk(f< ) pi*. In other words, multiplicities of roots of the Hankel characteristic equation
D1 P35 - .. Py are my;my;. .. ;my accordingly. Then, Eq. (12) yields:
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+00 i j k o0 k [ 4o (k)
JY -k — Xo) (X —Xo) g ik (X —Xo) g j
q.( )y _ - (- x) | = T (p(x = %0))
j; AN F A | - ki ]Zk: G-k c=xo k! pk ]Zo: il -
_(x= Xo)k (k)
= W (f(pr(x —x0)))x e’ (50)
Therefore,
oo I mp—1 ] VRN, [ mp—1 +00 ] VN
y= qu :urk<1>p]fk(xj—)!<0)]7 :z Zurlcij<l>p£”<<)<j‘—?l])17
j=0 " r=1 k=0 < =X =1 k=0 j=0 \S c=Xg (51)
me_1 x—x0)¥
=2 2 R (o= x|
r= | =,

Example 5. y” = 4y’ — 4y;y = y(x; So,51); initial conditions y(0;50,51) = So; (V(X;S0,51))xlx_0 = S1-
The generalized differential operator for this differential equations is D = s;Ds, +4(s1 — So)Ds, .
Trivial transformations yield Hr(D's; j = 0,1,2,...) = 2. Roots of the Hankel characteristic equation are p, = p, = 2. Then,

[io = So and fi;; =51 — So. Thus, p; = 562’ + (s1 — 2s0) <{ >2f’1; and finally,
Y(%;50,51) = S0 €XP(2X) + (S1 — 250) % (eXp(2X));; = S0 XP(2X) + (1 — 250)X eXP(2x).

This trivial example illustrates the above-mentioned fact that a solution cannot be expressed in a form comprising standard
functions if roots of the Hankel characteristic equation are all not different.

4. The generalization of the Exp-function method
4.1. The algorithm for the construction of an exact solution of an ordinary differential equation

We will illustrate the algorithm for the initial problem of an nth order ordinary explicit differential equation:

dy dy  d"y).
dann<X’y-,a7"'7dxn] 3

d
J(X;SO,SM..WSM) =S$j;Xo € R; Pn(C,S0,51,--.,5n-1) € Fxssy....sn- (52)

dx’

X=X

(A) The change of the independent variable x = ¢(z,a); z = y/(x,a); where a is an independent parameter (in general, the
variable change can comprise many independent parameters).
It can be noted that the selection of the invertible function ¢(z,a) is in many particular cases dependent on a subjec-
tive experience and knowledge of the area of application where the differential equation is used. The famous Exp-
function method is based on the variable change ¢(z,a) := exp(z). Then the differential equation takes the form
defined by Eq. (34) and the image differential equation takes the form analogous to Eq. (35).

(B) Selection of the parameter b.
The sequence (q;; j € Zo) is constructed as follows: q, :=1; q;.; = Hj,;zo(a +bk); j=0,1,2,.. .1t can be noted that the
selection of the parameters a and b determines the standard function (Eq. (2)) which will figure in the expression of
the exact solution (in most cases a = 1 is assumed).

(C) Construction of the generalized differential operator:

D:=D; + SIDSO + SzDgl + - +Sn,1D5"72 + Pn(C,So751, . 75n—1)DSn,‘ . (53)
(D) Calculation of the first elements of the sequence (p;; j € Zo) (Eq. (1)):

bj ;:lly's; j=0,1,2,....2m. (54)

g
(E) Construction of first elements of the Hankel matrixes sequence:
Po D1 - Pm

H, = [pol: H2=[‘?° ’?l}...; A R (55)

Ijm i)mﬂ f)Zm
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(F) Calculation of determinants of Hankel matrixes d, = det H, up to the first zero:

(di;da;...;dm; 0); dysdy;. .5 d # 0; diypyq = 0. (56)
(G) Construction of the mth Hankel’s characteristic equation and determination of its r0ots p;; py;...; Pyt
Po D1 - Pm
[71 f’z T ﬁmﬂ
det| ... ... ... ... |=o0 (57)
f’m—l f’m e f’Zm—l
‘1 p . pm

(H) If all roots of the characteristic equation are different, the following linear algebraic system of equations is solved for
determination of u; ;... Uyt

ﬂlp'{+#zplé+"'+ﬂmplﬁ1:ﬁj% ijv]?"'vm*l' (58)
(I) Following equalities must be tested:
D:ur:turpr;Dpr:bp?; r=12,....,m (59)

If these equalities hold, then statements (i), (ii) and (iii) of the Theorem 1 hold true too for the sequence
(D’s; j=0,1,2,...). Moreover, dy 1 = dn.2 =--- =0 and the exact solution of the differential equation can be ex-
pressed in a form comprising the selected standard function.

(J) Construction of the exact solution of the image differential equation in a form of a series:

@=34 (Zurm)z 20) = Zurz Loz (60)

j=0
(K) Expression of the exact solution in a form comprising the selected standard function f(z) zﬁg 3,’ 2z
m
z (p.(z—20)) (61)
(L) Construction of the exact solution of the original differential equation:
m
V51,50 = > f (P (W (X, @) — (X0, @) (62)
r=1

(M) Checking if the produced solution satisfies the original differential equation.
5. Examples
5.1. The exact solution is expressed in a ratio of sums of exponential functions

The initial problem reads:

Vo=V +y—6: y=yxs); y(0;s) =s. (63)
A variable change x =1 Inz; z = exp(ax) yields:
a);f;Z( +w—6); w=w(zs);w(l;s) =s. (64)

We select b = 1. Thus, q; = j!; j € Zo. The generalized differential operator reads:

1 S+3)(s—2
D:Dc+%(52+s—6)DS:DC+$DS. (65)
Computational symbolic transformations yield (p; = Dls):
(s+3)(s—2) (s+3)%(s=2)*2s—-1) (s+3)(s—2)
Do=S; P1 = e i Dy = 2 - ) )
(66)

(s4+3)(s —2)(6s* + 65 — 11 — 6500 — 30t 4 202)
- o33

3

geeen
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Next, determinants of Hankel matrixes d, = det(H,); n=1,2,... are calculated:
(S+3)(s—2)(—s+sc— 12)

i =s; dy = 202¢? (67)
4 — (s+3)%(s —2)* (o — 5)(oc+5)(2a25—36a+3$a+255)
T 14406¢6

It can be noted, that equality o = 5 produces d; = 0 at any s. Thus, Hr(jl!Dis’ iJj € Zo) = 2. Therefore, the variable change
x =11Inz;z = exp(5x) appears to be appropriate. =5
Hankel characteristic equation reads:
s Ds 1D’
Ds 1D’ lD’s|=0. (68)
1T p p?

Elementary transformations yield p? — 2 p = 0. Roots are p; = 0; p, =2 Thus, i, = —3; p, = s+ 3. We check the validity
of the Theorem 1:

S+3)(s-2
Duy = pypy =0; D, =D(s+3) = % = HP3;
s—2  (s—2\°
Dp, =0=p3; Dp, = D? = (ﬁ) =p3
Thus, the sequence (q;; j € Zo) and the variable change were selected appropriately. Now,

=37 0]'(—3 0 + (s +3) (52 2)4)‘6 ) eV 34 (s+3) PP (M) , when |z— 1] < :%. Now we expand the pro-
duced series into the whole z-axis, except the point z = ££3. Then,

55+15 _2(3+5)—3(2-5)z

V=345 77222~ 345+ (2-9)z (70)
Finally, the exact solution of the differential equation reads:
(x:5) = 2(345) —3(2 —s)exp(5x) _ 2(3 + ) exp(—3x) — 3(2 — s) exp(2x) (71)
Y8 =351 (2-s)exp(5x) ~ (3+s)exp(—3x) + (2 —s)exp(2x)
5.2. The exact solution is expressed in a form comprising a square root
The initial problem reads:
V=Y y=yx:s)ycs) =s. (72)

Now we do not make a variable change, but select b:=2 and q, = 1; q; = (2j - 1)!'; j=1,2,... instead.

The generalized differential operator reads D = s*D;. Then, p, = $; p; = 1 D’s =t j= 1,27 -

It is easy to see that the sequence of determinants of Hankel matrices 1s (s;0:0;. ) thus Hr(p;; j € Zo) = 1. The Hankel
s s
1

Now we need to check the validity of Theorem 1: Du = s3Dgs = s> = pp; Dp = s3D,s? = 2s* = 2p2. Thus, the selection of
the sequence q, = 1; q; = (2j — 1)!; j=1,2,... is appropriate for this differential equation.

Now, the structure of the standard function yields:

characteristic equation reads =0; or p =52 Then, y =s.

+00 :
2=t 5 - S 1
X) =S+ s S X ) = —Y—/07———— X — | < 5. 73
Yo =s+3 7 x=of ==k =t < 3p (73)
Finally, the exact solution of the differential equation reads:
S 1
XC0)=—————; X< + c if it is required that y(x;c) € R. 74
YO == X< a yixic) € (74)

5.3. Partial solutions of the Liouville’s equation

A natural question is if our developed technique could be applied for the construction of an exact analytical solution of an
equation which is already solved by the classical Exp-function method. We select the Liouville’s equation which is analyzed
in[17]:



Z. Navickas et al./Applied Mathematics and Computation 216 (2010) 2380-2393 2391

YV~ ) +22 =0, (75)

where the partial solution y = y(x) satisfies initial conditions y(0) =s and y,(x)| _, = t. We will seek only such solutions
which can be expressed in a ratio of finite sums of exponential functions. We perform the variable change defined by Eq.
(36) at o := 1 because it helps to simplify technical computations. The image differential equation of Eq. (75) then takes

the following form:
(2ol +200,) - 22 (0),)* + 20 =0, (76)
where @ = w(z); w(1) =s and w)(z)|,_, = t. The generalized differential operation of the image differential equation reads:

c2t? — cst — 23

D =D+ D+

D.. (77)

Then, w(z) = ;% “;ﬂy . D’s‘ : and y(x) = w(exp(x)). We select g; := j! (Eq. (3)) and construct the sequence (p;;j =0,1,2,...)

o
where p; = 1 D’s.
The sequence of determinants of Hankel matrixes is:

detH] = |f)0‘ =S
detHy — Po Di| A +sct+2s
2= |4 ~ = T T A5
P1 D2 2c?
202 2 3

detHs = —%(c“t4 +3sc3t2 + 4ct%s® + 26252 % 4 6ts*c — 125°);

@0 1 45 —88t2s7c? — 723355 + 42¢%t*s> + 48c5t5s* + 10c°t°s3 + 1112t35%9¢2+
detH, = 03680055 +212s8¢4t* + 360s'! + 236¢%t%s8 4 360ts7¢ + 1440s'? + 8% + 6sc7t’ —

—18s3¢°t° + 7s2c5t8 — 44s4c*t* — 24s°c3t3 + 1440cts'® + 45663573
Thus, detHs|._, = detHy4|._; = 0 when
2 —s?+4s> =0, (78)

or t = +£sv'1 —4s; s < 1/4. The graph of the curve (78) is illustrated in Fig. 1.

Thus, the solution of the differential Eq. (75) can be expressed in a ratio of finite sums of exponential functions when vari-
ables of initial conditions s and ¢ satisfy equality (78). Now the algorithm described in Section 4.1 can be used to construct
the function w(z). It is sufficient to check if this function satisfies the original differential equation to conclude that it is a
partial solution.

First of all, we construct the Hankel characteristic Eq. (57):

s Ds 1D’
det | ps 1D*s 1D’ =0,

=1
1 p I
t=+sv1—-4s

(79)

04 I L I L

0.2 0.1 0 0.1 0.2 s

Fig. 1. The graph of the relationship between initial conditions s and t.
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which yields p, = p, =1 (—1 +v1-— 4s). We assume p = p; =p, =1 <\/1 —4s — 1) and construct equalities:

DjS j ] i1 .
j_!'C:1 :.ulpl"r,uz(.l)ﬁ) ; J=0,1,2,.... 0)
t=sv1—-4s
Eq. (80) yields a system of linear algebraic equations for determination of coefficients y; and p,:
j-1

BOTE)) e (GOEY)

c=1  J=01 81)
t=sv1-4s

It can be noted that the assumption p = p, = p, =1 <—\/1 —4s — ]) would yield the same function o = w(z).
The system of Eq. (81) yields y; =s and u, =3 (1 +v1-— 45). Finally,

oDy =31y <s(; (V=% - 1))]4%(1 w3 (v 1))“)
t=svi—4s
25(1 25+ VT —4s)z 12 TR,

2= 7 (82)
(2sz+1 _25+m> (H%)

Further computations can be simplified introducing an auxiliary parameter g := 1=254¥1=4s. g < R Now it is easy to check that

the function w(z) := w(2)| . _ 4 = (ﬂi;z satisfies differential Eq. (76). Therefore,
t=sv1-—4s
_ pexp(x)
y(x) = o(exp(x)) = ————— (83)
(exp(x) + B)°
is a partial solutions of the differential Eq. (75) satisfying initial conditions y(0) = ﬁ and y,(x)|,_o = f/gﬁ;;; for all B (except
p=—1).
Thus, Hr jl!Dis c—1 :j=0,1,2,... | =2 and equalities (80) hold true.
t=+4sv1—-4s

It can be noted, that Eq. (83) coincides with the solution presented in [17]. But we would like to stress that we did not
guess the structure of the solution; it has been automatically identified by the direct application of the algorithm described
in Section 4.1. This is the main difference between classical Exp-function type methods and our proposed technique.

But even more important fact is that our approach enabled to show that the solution of the differential Eq. (75) takes the
form (83) only when initial conditions satisfy Eq. (78). This is an important fact, and we argue that the conclusion done in
[17] is in general incorrect. The partial solution cannot be expressed in the form represented by Eq. (83) for any initial con-
ditions. Our technique enabled the identification of the constraint linking two initial conditions. Classical Exp-function type
methods are incapable of finding such constrains and may produce wrong results in general, what is clearly illustrated by
this example.

6. Conclusions

We have constructed an analytical criterion determining if a solution of a nonlinear ordinary differential equation can be
expressed in a form comprising standard functions. This criterion is much more general compared to the criterion presented
in [12]. First of all, not only exponential functions are considered in the exact solution of a nonlinear differential equation. In
fact, the new criterion works with any standard function. But the most important result is that this new criterion can be used
to identify the structure of the solution which can be much more complex than a sum of standard functions or a ratio of sums
of standard functions. That opens new possibilities for finding exact solutions of nonlinear differential equations.

New computational algorithm for automatic identification of the structure of the solution is constructed. Several exam-
ples are used to illustrate the proposed concept.

Recent developments of the Exp-function method were summarized in [18,19]; the Exp-function method has been used
to solve differential-difference equations and stochastic equations [20-22]. Applicability of our technique for these problems
is a definite object of future research.
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