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SUMMARY

Meaningful visualization of �nite element method (FEM) results is important for building the ground
for hybrid numerical–experimental techniques. This is not a straightforward procedure for photoelastic
analysis as conventional FEM techniques are based on the approximation of nodal displacements, not
stresses. Although the displacements are continuous at inter-element boundaries, the calculated stresses
are discontinuous due to the operation of di�erentiation. Conventional FEM would require unacceptably
dense meshing for producing su�ciently smooth photoelastic fringe patterns. Therefore, there exists a
need for the development of a technique for smoothing the generated photoelastic fringes representing the
stress distribution and calculated from the displacement distribution. The proposed smoothing technique
is based on the minimization of the augmented residual. Copyright ? 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Visualization techniques of the results from �nite element analysis procedures are important
due to several reasons. First is the meaningful and accurate representation of processes taking
place in the analysed structures. Second, and perhaps even more important, is building the
ground for hybrid numerical–experimental techniques. A typical example of FEM application
in developing a hybrid technique is presented in Reference [1].
Conventional �nite element analysis (FEM) analysis techniques are based on the approxi-

mation of nodal displacements (not stresses) via the shape functions. Ramesh et al. [2] have
noted that photoelastic isochromatics can be e�ectively used for the detection of FEM meshing
problems.
Analysis of natural vibrations using dynamic photoelasticity techniques is an attractive

methodology evaluating the quality of the structural design in terms of the stress distribu-
tion. Conventional FEM would require unacceptably dense meshing for producing su�ciently
smooth photoelastic patterns. Therefore, there exists a need for the development of a technique
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for smoothing the generated photoelastic fringe patterns representing the stress distribution and
calculated from the displacement distribution. The proposed smoothing technique is a further
development of the conjugate approximation used for the calculation of nodal values of stresses
[3] and enables one to obtain the photoelastic images of acceptable quality on rather coarse
meshes using the displacement formulation for the calculation of the eigenmodes.
On the other hand, it can be mentioned that the developed techniques build the ground for

hybrid numerical–experimental photoelastic analysis.

2. CONJUGATE APPROXIMATION WITH SMOOTHING
IN PHOTOELASTIC ANALYSIS

The eigenmodes for the structure in the state of plane stress are calculated by using the
displacement formulation common in the �nite element analysis [4, 5]. It is assumed that
the structure performs high-frequency vibrations according to the eigenmode. The vibrations
of the structure are registered stroboscopically when the structure is in the state of extreme
de�ections. In this case, the problem is to obtain the nodal stresses of acceptable quality for
the eigenmode (the eigenmode of stresses), which are further used for the calculation of the
photoelastic images.
The stresses at the points of numerical integration of the �nite element are calculated in

the usual way: 

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where {�0} is the vector of nodal displacements of the eigenmode; [B] is the matrix relating
the strains with the displacements; [D] is the matrix relating the stresses with the strains;
�x; �y; �xy are the components of the stresses in the problem of plain stress. The displacements
are continuous at inter-element boundaries, but the calculated stresses are discontinuous due
to the operation of di�erentiation.
The appropriate eigenmode of stresses is obtained by minimizing the following augmented

residuals:
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Figure 1. The sixth eigenmode of the cantilever plate (grey lines—the structure in
equilibrium, black lines—the eigenmode).

where � is the smoothing parameter; {�x} the global vector of nodal values of �x; {�y} the
global vector of nodal values of �y; {�xy} the global vector of nodal values of �xy; [N ]
the row of the shape functions of the �nite element; and [B∗] the matrix of the derivatives
of the shape functions:
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It must be noted that the integration operators include integrations over the elements and the
direct sti�ness procedure [4].
The previously mentioned concept of the eigenmode of stresses is understood as the set

of vectors {�x}; {�y}; {�xy}. The following systems of linear algebraic equations for the
determination of each of the components of the stresses are found from Equation (2):∫∫

([N ]T[N ] + [B∗]T�[B∗]) dx dy{�x} =
∫∫

[N ]T�x dx dy∫∫
([N ]T[N ] + [B∗]T�[B∗]) dx dy{�y} =

∫∫
[N ]T�y dx dy∫∫

([N ]T[N ] + [B∗]T�[B∗]) dx dy{�xy} =
∫∫

[N ]T�xy dx dy

(3)
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Figure 2. Isochromatics (the image produced by the circular polariscope) without
smoothing for the sixth eigenmode.

The choice of the smoothing parameter is performed interactively from the qualitative view
of the digital photoelastic images. When the parameter is too small the images are of unac-
ceptable quality because of the unphysical behaviour of the stress �eld as a result of their cal-
culation from the displacement formulation. When the parameter is too big an over-smoothed
image is obtained which may look acceptable but be far from the real photoelastic image. So
the best value of the parameter might be considered when most of the image is of acceptable
quality without the unphysical behaviour produced by the approximation.
The smoothing parameter can be interpreted as a small penalty parameter to prevent the

growth of derivatives of each component of the stresses. This is explicitly shown in
Equation (2) where parameter � de�nes the magnitude of the augmentation of the residual.
Equation (3) represents three static �nite element problems (a separate linear algebraic

problem for each component of the stresses). The solution procedure of those equations is
numerically e�ective as the three system matrixes are the same.
The principal stresses �1; �2 are calculated as the eigenvalues of the matrix:

[
�x �xy

�xy �y

]
(4)

and the normalized eigenvectors of this matrix {V1}; {V2} are the directions of the principal
stresses.
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Figure 3. Isochromatics (the image produced by the circular polariscope)
with smoothing for the sixth eigenmode.

The vector of polarization is assumed to be given as

{P} =
{
cos �

sin �

}
(5)

where � is the angle of the vector of polarization with the x-axis.
Then the intensity in the photoelastic image of the plane polariscope (isoclinics and isochro-

matics intertwined) is calculated as

I =(({V1}{P})({V2}{P}) sin C(�1 − �2))2 (6)

where C is the constant dependent on the thickness of the analysed structure in the state of
plane stress and on the material from which it is produced [6].
The intensity of the photoelastic image for the circular polariscope (isochromatics) is cal-

culated as

I =(sin C(�1 − �2))2 (7)

The plotting scheme used to visualize the results of calculations is described in detail in
Reference [7].
The presented methodology is in general also valid for a static case. The only di�erence

is that the solution of the static �nite element problem using the conventional displacement
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Figure 4. Isoclinics and isochromatics intertwined (the image produced by the plane polariscope)
with smoothing for the sixth eigenmode at �=3�=8.

formulation should be used instead of the displacements of the appropriate eigenmode. But
one is to have in mind that di�erent values of � may be preferable for di�erent parts of
the image when the problems of stress concentration are analysed (larger values of � in the
regions of higher stress concentrations).

3. NUMERICAL RESULTS

The rectangular cantilever plate with a �xed edge in the state of plane stress is analysed. The
sixth eigenmode of the plate is shown in Figure 1. The reconstructed image for the circular
polariscope (isochromatics) without smoothing is shown in Figure 2.
The same image with smoothing is shown in Figure 3.
The image for the plane polariscope (isoclinics and isochromatics intertwined) when �=3�=8

is presented in Figure 4.
The unsmoothed image corresponds to the value of �=0, while the smoothed images

presented in Figures 3 and 4 were produced using �=0:2.
In order to illustrate the applicability of the presented methodology for statical problems the

same rectangular plate with �xed lower and upper edges in the state of plane stress is analysed.
The constant displacement of the upper edge in the downward direction is prescribed. The
reconstructed image for the circular polariscope (isochromatics) with smoothing (�=0:2) is
presented in Figure 5.
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Figure 5. Isochromatics (the image produced by the circular polariscope)
with smoothing for the static problem.

4. CONCLUSIONS

The construction of digital photoelastic images builds the ground for hybrid numerical–
experimental photoelastic analysis. The displacement-based FEM formulation is coupled with
stress-based photoelasticity analysis. The introduced smoothing procedure enables the gener-
ation of photoelastic images on rather coarse conventional �nite element meshes.
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