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1. Introduction

One of the well-known techniques used to seek analytical-algebraic solutions of differential equations is the Exp-function
method. It has been demonstrated that the Exp-function method, with the help of symbolic computation, provides a pow-
erful mathematical tool for solving high-dimensional nonlinear evolutions in mathematical physics. The Exp-function meth-
od has been exploited for the determination of exact solutions of many nonlinear differential equations [1-9]; we give only a
few of many references available.

On the other hand, a straightforward application of the Exp-function method has also attracted a considerable amount of
criticism [10-13]. Seven typical errors done when using the Exp-function method are discussed and illustrated in [14].

The objective of this paper is to show that the solution produced by the Exp-function method may not hold for all initial
conditions. Moreover, the Exp-function method cannot be used to derive conditions of existence for the produced solution —
neither in the space of initial conditions, nor in the space of system’s parameters. Finally, we will show that the applicability
of the Exp-function method can be redundant — sometimes the partial solution can be produced by solving a much simpler
problem.

We will use two differential equations to illustrate and ground the above-stated assertions. The first one is the Riccati
equation:

Ve=ay -y -Y2); @y, ¥, €R (1)

It can be noted that the general form of the Riccati equation comprises a, y; and y, as functions of x [15], but we will con-
sider only a simplified form when a, y, and y, are constants (Eq. (1)). By the way, even a simpler form of the transformed
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Riccati equation is solved in [16] employing the Exp-function method (where it is assumed that y, = —y; = y,; see Eq. (5) in
[16]).
The second differential equation is the transformed Maccari equation [17]:

Wi, =bW?* —wi)w;  b,wo €R. 2)

It is produced from the Maccari’s system [18] by using soliton-type substitutes. Eq. (2) is also solved using the Exp-function
method in [17].

As mentioned previously, we will show that solutions of Eq. (2) produced by the Exp-function method do not hold for all
initial conditions and for all combinations of system’s parameters. Moreover, we will show that there is no need to seek a
solution of Eq. (2) expressible in a ratio of finite sums of exponential functions if the solution of Eq. (1) is known beforehand.

2. Auxiliary results
2.1. Preliminary notations

As mentioned in the Introduction, the main objectives of this paper will be illustrated using two differential equations.
Moreover, we will expand, narrow and transform these differential equations by changing variables. Therefore it is useful
to build a preliminary list of notations of functions of according ordinary differential equations:

(i) The initial differential equation (Riccati equation): y.
(ii) The expanded differential equation (Maccari equation): w
(iii) The narrowed differential equation: y.
(iv) Riccati equation after the change of the variable: u.
(v) Maccari equation after the change of the variable: v.

2.2. Structures of analytical solutions

Let two polynomials are defined as follows:

= Z acks'; 5 (C, S, b) Z burcts't’; 3)

klezy klrezy

where ay and by, are fixed real (or complex) numbers; ¢, s and t are real (or complex) variables. Then it is possible to con-
struct two ordinary differential equations with initial conditions:

Yo=Pixy); y=ykxcs); yccs) =s (4)
and

Wy =Py (x,w,wy);  w=w(xcs,t); w5 t) =S Wi(XCS, b, =t (5)

|X:C

Usual differentiation operations in respect of variables x, ¢, s and t are denoted by symbols Dy, D., D; and D;. Then it is pos-
sible to construct generalized differential operators D, and D,, in respect of variables y and w [19]:

Dy := D + P1(c,s)Ds; 6)
Dy := D¢ +tDs + P2 (c, s, t)Dy.
These generalized differential operators satisfy all usual relationships of differential operators. For example, the Leibnitz for-
mula holds true:
j .
. J .
D}(Qi(e,5,0) - Qalc,,0) = > (n) (D4Qu(c,s.0) (Dy"Qalc.5.0)) (7)
n=0

where DY is the identity (unitary) operator (D%Q;(c,s,t) = Q;(c,s, t)); va,va, ... are ordinary degrees of linear operators;
Qn(c,s,t); m=1,2 are polynomials of variables c, s and t.

Generalized differential operators D, and D,, can be exploited to construct analytical solutions y(x, c,s) and w(x,c,s, t) of
differential equations (4) and (5) [19]:

y=3y Cy” (8)
j=0 '
& (k-
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which converge in some nonempty surrounding |x—c|<eé& in the complex plane. Furthermore, functions
y=Yy(x,c,s) and w = w(x,c,s,t) can be extended into the whole complex plane with the exception of possible singular
points.

2.3. Structures of analytical-algebraic solutions

It is important for many engineering applications to obtain analytical-algebraic representations of solutions in the form:
m

y=> mflpx—c)), (10)
r=1

where m is a finite constant; m € N; u, € C; f, and p are ordinary functions. We will define the H-rank and associated H-
eigenvalues for the construction of special analytical-algebraic solutions.

Let (p;; j € Zo) is a sequence of numbers or functions. Then the corresponding sequence of Hankel matrixes (Hq,Ha, .. .)
reads:

Do P Po P1 D
Hi:=[po;  Hz:= [po pl}; Hy:={p, py p3|; (11)
v D2 D3 D4

and the sequence of determinants of these matrixes is denoted as (dy; k € N), where d; = det Hy.

Definition 1. A sequence (p;; j € Zo) has an H-rank equal to m if di, 0 but dyy, . = 0 for all n € N. The following notion will be
used throughout the manuscript:

Hr(p;; j € Zo) = m. (12)

Let Eq. (12) holds for a sequence (p;; j € Zo). Then it is possible to construct a characteristic H-equation [13]:

Po P1 - Pm
D1 Dy - Pmn
det | Do : =0 (13)
Pm-1 Pm - Pam-
rp - p"

Definition 2. Roots p,, p,, ..., p, of the characteristic H-equation (13) are H-eigenvalues of the sequence (pj; je ZO).

Theorem 1. Let the H-rank of a sequence (p;; j € Zo) is m. Moreover, let all H-eigenvalues of that sequence are different: p,#p, for
k=1, (k,1=1,2,...,m). Then, following equalities hold true:

p=>_mps  j=012.... (14)
r=1

The proof of Theorem 1 is given in [20].

It can be noted that coefficients u,, i,, ..., i, can be found solving a linear system of algebraic equations which consists
from m different equalities of Eq. (14) (H-eigenvalues p,, p,, ..., p,, must be determined beforehand). The simplest system is
produced when the first m equalities of Eq. (14) are selected (forj = 0,1,...,m — 1). But the same results can be produced for
j=ki,ka, ... km; 0 <ky <ky <---<kn. Moreover, this linear system of algebraic equations has a unique solution. The se-
quence defined by Eq. (14) is called an algebraic progression.

Let us assume that the following relationship holds for a sequence (Dis; je Zo):

1. .
Hr<ﬁD’yS; je ZO> =m. (15)
Then,
Dis=i1>" 1,0, (16)

where M= ,ur(QS); Pr= ,Or(C,S); pk;épl for kL.
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Eq. (16) can be exploited for the construction of the solution of differential equation (4) in the form of a power series:

y:fj("}—.d%s—z)«—c Zﬂrp’r Zurf(pr(X—C))j, (17)
j=0 ’ j=0 r=1 j=0

which converges in the surrounding |x — ¢| < min,|p,| . But the power series (17) can be extended for all values of the var-
iable x with the exception of such values of x where p,(x — c¢) = 1. In other words, the function y = y(x, c,s) takes the follow-
ing form:

m
1 (c.s)
V=2 T pies) o) (18)
Eq. (18) is the analytical-algebraic solution of differential equation (4).
2.4. Changing the independent variable of a differential equation

The independent variable of a differential equation can be changed in order to produce a more convenient form of the
solution.
Let an invertible function is given by the following equalities:

X=@@2); z=yX). (19)
Then following expressions hold:

Z _l//x_(p,7

U 1 " ! (p” 20)
Zy=——5 P =~ (
(¢2)° (¢2)°

Also, for every function
Y=y =y(@@2) :=uz) =uyXx) =u (21)
following equalities hold:

1
!
Y= u;|z:|//(x) Yy = a ) ulz‘z:z//(x)v

z

ygx = ugz‘z:uﬂ(x) ’ (‘/j;)z + ulz‘z:W(x) ' l%(/x = (12 ’ u;lz - (pzz3 : u;) ; (22)
(¢2) (92) =)
Thus,
/ _ 1 ’.
yx|x:(/)(z) - a/z Uy
O (23)

ygx'x:w(z) = (([)/)2 Uy, ((P/)3 Uy

z z

Merging Eq. (23) into one equality and using symbol 7 to identify the change of the variable in the differential equation
yields:

T(&Y?Y;(?y;c/x;“') <X|x 0z y|x 0z 7yx‘x 0z lex:rp(z)§"'>; (24)
or
‘l ‘l @//
XY YY) = (qo(Z);u;,-u;; Uy, ——= u) (25)
L () S (G

3. Expanding and narrowing an ordinary differential equation

Given a differential equation

Ye=Pix,y); y=yxcs); y=y(ccs) =s; (26)
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its generalized differential operator reads [19]:

Dy = Dc + Pl (C7 S)Ds§ (27)

and its solution is described by Eq. (8):
X (x— ¢ i
y:§ji7rz%& (28)
j=0
Following transformations hold:
/ 4 " aPI(Xuy) aPl(X7y) 7 1" 6P1(X,y) 6P1(X,y)

0~ Prx) =y - (g4 SNy gy (O ) (29)

where y = y(x,c,s) is defined by Eq. (28).
Let
apl(xvy) aPl(Xay) ,_
X +P1(X7y) ay = PZ(XMV)‘ (30)

Then it is possible to construct the following differential equation:

Wy, = Pa(x,w), (31)
with w = w(x,c,s, t) and initial conditions w(c,c,s, t) =s; w,(x,c,s,t)|,_. = t. Moreover,

& (x—cf
w(x,c,s,t) = Z ( i ) Dys, (32)
j=0

where

Dy = D¢ + tDg + P,(c, s)D. (33)

It follows from Eq. (29) that solutions (28) of the differential equation (26) do satisfy also the differential equation (31).
Therefore, such a function t = f(c,s) must exist which makes the following equality to hold true:

y(x,c,5) = w(x,c,s,f(c.s)). (34)
Now,
+00 Jj +o0 j
X—=c) x=—c
! vas = ! Dlwslt:f(c.s)v (35)
=0 j=0
therefore
Djs =Ds| see:  J=01,2,.... (36)
The equality Dys = DyS|,_g( 5y Produces Pi(c,s) = t|_s.s = f(c,s). Thus,
f(c,s) =Pi(c,s). (37)
Next, the equality D}s = D},s|,_;., yields:
of c,s) of(c,s) _
ac +f(C7S) os _PZ(CsS)' (38)
Thus,
D2s|i_scs) = Dis = Py(C,5). (39)
Therefore, following equalities hold true:
Dy ?slsics = Db (Dis)] ., = D3 (D3s) (40)

foralln=0,1,2,....
Thus, finally, following equalities:

(De e, + (D25)D.)" (D25) . jcq) = (De + f(c.5)D,)" (D2s) (41)

hold for all functions f(c,s) because the differential equation (26) can constructed using the equality (37) for any function.

Definition 3. The differential equation (31) is an expanded differential equation of Eq. (26).
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Now, let us assume that a differential equation (31) is given. Also, let a function f(c,s) exists and satisfies the property
(38). Then, equalities (41) hold. Moreover, it is possible to construct a differential equation

Vi=fx.y) (42)
with y = y(x,c,s) and the initial condition y(c, c,s) = s. The generalized operator of differentiation is then
D.f’ =D, +f(C:S)Ds (43)
and the analytical solution reads:
o= (x—c)
y:zo: ( i )jD’ys. (44)
iz

But previous derivations yield:
w(x,c,s,f(c.s)) =y(x,c,s). (45)

Definition 4. The differential equation (42) is a narrowed differential equation of Eq. (31).

Theorem 2. Equalities D)s|,_; . = D)s; j =0,1,2,... hold if and only Eq. (38) holds true.
The proof follows from the above derivations.

Corollary 1. The differential equation (26) is a narrowed differential equation of Eq. (31) and the differential equation (31) is an
expanded differential equation of Eq. (26) if and only Eq. (30) holds true.

In other words, a solution found for the differential equation (26) also satisfies the differential equation (31).

4. Solving Riccati differential equation

It is well known [15] that the partial solution of the Riccati differential equation

Ve=ay -y —Y2);  y=y(Xcs);  ay;,y,€R (46)
at y(c,c,s) = s reads:
y Y2l = 9 eXD(@y, (x =€) ~ 1 (v, — ) exp(ay, (x — ) “7)

¥y —s)exp(ay; (x — ¢)) — (y2 — s) exp(ay, (x - ¢))

Nevertheless, we will demonstrate the derivation of this solution by the generalized operator method.
The generalized operator of differentiation for Eq. (46) reads:

Dy =Dc +a(s — y1)(s — ¥2)Ds; (48)

and the analytical solution takes the form as described by Eq. (8). Since we are interested to obtain an analytical-algebraic
representation of this solution in a form comprising a ratio with finite sums of exponential functions in the nominator and
the denominator, we perform the change of variables in Eq. (46) [13]:

(XY, Vi Vi) = G Inz, v, izv,, )2 (2 vl +zv’z)>, (49)
where /#0; 1 € R and z = exp(/x). This change of variables yields the image differential equation [13] of Eq. (46):

@:%(v—yl)(v—yz); v=0(z,¢5); wv(es)=s;  ¢&=exp(ic). (50)
Then, the generalized differential operator of Eq. (50) reads:

Dy = De +5(5 = y1)(s = Y20 (51)
and the analytical solution reads:

v(z,¢,5) = ;f(; (Z]f—!é)jnfvs. (52)

Let us denote:

Djs:=p; j=0,1,2,.... (33)
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Then,
Do =S;
) :a(S*Y1)(5*Y2),
! it ’
o 702(5—3/1)(5—}’2) AN
PZ*T 25—)’1—372—5 ;

Then, the sequence of Hankel determinants [13] reads:

_ |Po| _

detH1 = a =

detH, — % l%’ _aes *Y1)(5*Y2)(GSY1; asy, —sA— 2“)’15’2);
BB 2)7¢?
T2

detH, — |on & o] - CUE =y (=90 =y = y2)).
o3 144,5¢6 ’
b2 D3 Da
pIN TR

where

| 2s2% — i%say, — 5)%say, + 62%ay,y, — 225a’y,y, + 4isa’y3 — 27sa>y;
+62y,0°y] — 62a°y1y3 — 3s@°Yiy, — SC°y3 + 3s0°y, Y3 + s’y '

Of course, all calculations are performed using symbolic computation techniques.
We make the proposition that

1. .
Hr<'.—!D’Us; je Zo> =2
(or equivalently det H; = 0) for all s € R; s#y,; s#y,, but at

A=a(y1 —Y,)
If the equality (57) hold true, then
. (S=y1)(s—¥2) .

P )
) :2(5*571)2(5*3’2)‘
62(3/1—}’2)2

Let us assume that

s =y, V(s — .
gy, -y,

But then,

Pt = <D5+ (S—Y1)(5—J/2)D ) nl(s —y1)"(s = ya)

W1 =Y2) oy —ya)"
_ o =y =) 5=y —ya)(nis —y)" s = ya) + (s = 31)")
el (yy —ya)" ey — )"

(n+1)(s—y)" (s —y,)
1 (yy —J’2)n+1

M=) =) (04 15— (g 1y, =
Ny —y,)

what proves the correctness of Eq. (59).

(54)

(57)

(59)

(60)

Now it is easy to prove that all determinants detH; = 0; j = 3,4, ... (from elementary properties of the determinant) and

our proposition (56) holds (when Eq. (57) holds true).
Then, the image differential equation (50) takes the form:
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v;:m(vfyl)(vfyz); UZT/(Z,C,S); 0(67675):& é:exp(a(ylf‘VZ)C);

and the generalized operator of differentiation reads:

D, = D; +W(5 Y1)(s = ¥2)Ds

Then, the characteristic H-equation (Eq. (13)) reads (at 2 = a(y; — y,)):
s Dy 1D
D,s 1D’ 1D}s|=0.
T p p
Eq. (63) yields two roots:

__S=h -
1 = ¥2)C

Then, D’;/s can be expressed in the following form [13]:

Ds=ji(mp +puph);  =0,1.2,....

p1=0; P2

Eq. (65) produces a system of linear algebraic equations for the determination of unknowns u,,u, €R (0° =

0=0;j=1,2,..):

S = 1y + y:
(=y1)6-y2) =pu (5=y1)
(2 2 yi-y2)e”

Elementary transformations yield:
W =Yo; b =5=Y,-
Thus,

+00 VA 00 Y X _ J _ C _
vzes =3 ,.cy,ys:z(z ,!c>j,<y2(y+(s_yz)( s y1)A>>y1<s Vo) - ;(v(s Y1)z

1 =¥2)€ (s—y)¢— 1)Z

and finally, the analytical-algebraic solution of Riccati differential equation reads:

_h (s —y2)exp(a(y; — ¥,)C) — ¥,(s — yq) exp(a(y; —y,)X) .

y.65) (s —ya)exp(a(y; —y,)c) — (s —yy)exp(a(y; —y,)x) ’

what after elementary transformations results into Eq. (47).

It can be noted that special solutions can be produced from Eq. (69). When s = y,; k = 1,2, the solution reads:

yx.cy) = limy(x.c.s) =y;  k=1,2.
—Yk
When y; =y, =Y, the solution reads:

Y2(S —y1) exp(ay; (X — €)) — y1(S — ¥2) eXp(ay,(x —€)) _ S —Yo

Y(X7C75): llm 7YO+1+a(y0_s)(X_C)'

niva=ye (S —Yyp)exp(ay;(x — ) — (S —y,) exp(ay,(x — ¢))

In this case, when s = y,,y(x,¢,¥y) = Yo-

5. Expanding Riccati equation to Maccari differential equation

3881

(61)

(62)

(63)

(64)

(65)

‘l.

i

(66)

(67)

(68)

(69)

(70)

(71)

We exploit relationships (29) and (30) and expand Riccati differential equation (46) to the generalized Maccari differen-

tial equation:

" +
Wi = A2y = 01 +¥2))¥s = 262w - y)(w - y) (w = L1 22);

w=Ww(X,C,S,t);W(C,C,S,t) =S; W, (X, C,S, t) t.

‘XC

(72)

It can be noted that the classical Maccari equation (2) is produced when y, = —y; = wy (then b = 2a?). Then, the change of

variables (50) and the assumption of the condition (57) yield the image Maccari differential equation:
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" 1 yl +y2 /
uw=——>:_2(u- u— uU—"—="=) —zu,). 73
=y Ry (=532 ) (73)
The generalized operator of differentiation of the differential equation (73) reads:
_Dn. 1 Y1t 5
Du=De+tDs 4 oy (26— y1)(s = y2) (s =H522) — &t)D. (74)

Previous derivations yield:

_ — J il(s — —
<s—y1)(s—y2): < f‘+(s yl)(s LVZ)DS)SZJ.(S YI)J(S'A-yZ); ]:17277 DgszDSS:S' (75)
= W1 =y2)¢ W —y)e

Thus, the solution of the generalized Maccari differential equation reads:

Dis

u— u(z,a&w> — v(z,6,5) :}’1(5*}’2)6*5’2(5*5’1)2; (76)

1 —¥a2)E
and part of solutions of the original Maccari equation take the form described by the equality (69):

w(x,c,s,f(c,s)) = y(x,c,S) (77)
where

fle.s)=a(s =y1)(s = ¥2). (78)

In other words, there is no need to guess the structure of solution of Eq. (2) and to elaborate symbolic computational tech-
niques for the determination of coefficients of that solution as it is done in [17]. It is enough to solve Eq. (1) — what can be
done using simple analytical techniques. Of course, the situation is different when the solution of the generalized Maccari
equation is to be sought.

6. The existence of the Exp-algebraic solution for the generalized Maccari equation

The generalized Maccari equation can be written in the following form:

Wi, =2a*W +oaw? + pw+y);  w=w(x,cs,t); WS, t)=s; W, (X,C,S, )], =L, (79)

li=c

where o, 8,/ € R.
Then the solution of the differential equation (80) can be expressed in the form (69) if and only

202 (W* + w2 + fw + ) = 20 (w — i) (w — wy) (w — ;WZ), (80)
where wy,w, € C. Thus, according to Viete theorem:
2
wy +w wy 4+ w wi +w Wi + w
OC:—<W1+W2+ > 2); B=wiWz + Wi o Wy g 2:W1W2+¥;
wy + w
P = —Wiwy— 3 2 (81)
Therefore, the equality (80) holds if and only
_%(W1 +W2) = o,
Wi, + 1 (Wi +wy)® = B, (82)

—lwiwy(wy +wy) =7y.
It is easy to find from the first two equalities of Eq. (82) that wy +w, = —20 and wyw, = % Thus, finally, the third equal-
ity of Eq. (82) yields:
3
y= 9op — 20 .
27

It can be noted that terms (w; + w,) and w;w;, are expressed through o and . Then, according to Viete theorem, w; and w,
are the roots of the following algebraic equation:

(83)

22 +EOCZ+M:

3 5 0. (84)

Thus,
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oo fu2 =3 oo o2 —3p
W17—§+ 3 3 W27—§— 3 . (85)

Therefore, the generalized Maccari differential equation

Wy, = 2a° <w3 +ow? + pw +7a(9ﬂ2;2a2)> (86)

is an expansion of the Riccati differential equation
. o a2 —3p o a2 —3p
yx—a<y+§— 3 ><y+§+ 3 > (87)

Theorem 3. The solution of the differential equation (80) can be expressed in the form

A exp(aiiX) + A, exp(aix)

" By exp(aiiX) + B, exp(aiyx) (88)
if and only the following relationships hold:
(i) 9opp — 20> — 27y =0; (89)
o o o2 —3p o o2 =38\ [, 2 20
(u)ta<s+§— 3 ><s+§+ 3 )a(s -s-§ocs+[3—T . (90)
The proof follows from the previous derivations.
We argue that conditions (89) and (89) cannot be derived using the Exp-function method.
7. Computational experiments
Let us consider equation
wl, =2w? —9w? + 13w - 6; w=w(x,c,s,t); w(c,c,s, t) =s; W, (X,C,S, )], = L. (91)
It can be noted that Eq. (91) is a generalized Maccari equation because the relationship (89) holds:
2W3—9W2+13W—6:2(W—l)(W—Z)(W—%). (92)
In other words, y; = 1; ¥, = 2 and a = 1. We will assume that ¢ = 0 in further computations.
Thus, the solution the generalized Maccari equation reads:
W 2(1 —s)exp(x) — (2 — s) exp(2x) (93)

(1 —s)exp(x) — (2 —s)exp(2x)

We have shown that Eq. (93) will be the solution of the generalized Maccari equation if and only Eq. (90) holds. Since the
roots now are 1 and 2, the condition (90) reads:

(s—1)(s—2)—t=0. (94)

We plot the surface g(s,t) = (s — 1)(s — 2) — t in Fig. 1 (numerical values of g(s, t) higher than 0.5 and lower than —0.5 are
truncated to 0.5 and —0.5 accordingly in order to make the figure more clear).

We will check the validity of the produced results by a computational experiment. We will solve the initial problem (91)
using approximate computational constant step marching techniques. Lets denote the approximate partial solution
¥e(0+hk); k=0,1,2,...; yo =s, where h is the step size. The analytical-algebraic partial solution (93) is defined on Eq.
(94). But we release the constraint (94) and assume that the solution (93) is valid in all space of initial conditions. We travel
100 steps from the predefined initial conditions and compute differences between the approximate computational solution
and the analytical “solution” defined by Eq. (93) (Fig. 2). Adding absolute differences for 100 steps produces an error
estimate:

EECHIR C YR 2(1 - s) exp(hk) — (2 — 5) exp(2hk)
8(57 t) = ; ‘8k| = ; .Vk(hk) - (] — S) eXp(hk) — (2 — S) exp(2hk) . (95)

The distribution of &(s, t) is illustrated in Fig. 3. Numerical values of &(s, t) higher than 40 are truncated to 40 in order to make
the figure more comprehensive. It can be clearly seen that errors are almost equal to zero on the curve defined by Eq. (94).
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Fig. 2. A schematic diagram illustrating differences between the analytical solution w(x) (the thick solid line) and approximate computational solution
(represented by circles) at first n steps after initial conditions w(0) = s; w}(0) = t.

8. Concluding remarks

The Exp-function method can be used for finding exact solutions of nonlinear differential equations with the help of sym-
bolic computation. Unfortunately, there have been a number of cases when straightforward and formal application of the
Exp-function method has produced irrelevant results. Seven typical errors done when using the Exp-function method are
discussed and illustrated in detail in [14].

This paper demonstrates the eighth and the ninth errors which are frequently done when using the Exp-function method.
The eighth error describes the fact that a solution produced by the Exp-function method may not hold for all initial condi-
tions. We argue that the analytical condition describing the existence of the produced solution in the space of initial condi-
tions (or even in the space of the system’s parameters) cannot be derived by the Exp-function method. The Exp-function
method is based on two main steps (omitting transformations and variable changes leading to a nonlinear ordinary differ-
ential equation). The first one is supposing the structure of the algebraic-analytical solution. The second is using symbolic
computations for the determination of unknown parameters of the solution. The question about the existence of that solu-
tion is typically omitted. The operator method, on the contrary, brings the load of symbolic computations before the struc-
ture of the solution is identified. Moreover, the structure of the algebraic-analytic solution is generated automatically
together with all conditions of the solution’s existence.
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Fig. 3. The distribution of errors between the analytical solution and the computational solution in the parameter plane of initial conditions.

The ninth error is more subtle. It appears that sometimes the Exp-function method is used to solve nonlinear ordinary
differential equations which can be produced by the expansion of much simpler differential equations. Clearly, there is no

need to elaborate the Exp-function method for expanded differential equations - partial analytical-algebraic solutions satisfy
both differential equations.

It can be noted that a number of alternative methods for finding exact solutions of nonlinear differential equations exist. It
has been demonstrated that the truncated expansion method [21], the tanh-function method [22], the simplest equation
method [23] can be successfully and efficiently used for solving high-dimensional nonlinear differential equations in math-

ematical physics. The object of this paper is to highlight some problems inherent to the Exp-function method only; all other
methods are out of scope of interest in this paper.
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