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a b s t r a c t

An algebraic approach based on the rank of a sequence is proposed for the exploration of
the onset of chaos in discrete nonlinear dynamical systems. The rank of the partial solution
is identified and a special technique based on Hankel matrices is used to decompose the
solution into algebraic primitives comprising roots of the modified characteristic equation.
The distribution of roots describes the dynamical complexity of a solution and is used to
explore properties of the nonlinear system and the onset of chaos.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

The onset of chaos is a classical research area exploring different physical, mathematical and engineering aspects of non-
linear dynamical systems. The period-doubling onset of chaos is described using formal techniques in [1]. Multifractal scal-
ing structure at the onset of chaos is explored in [2]. The onset of chaos is explored in different nonlinear systems – in
differential delay equations [3]; in nuclear states of molecules [4,5]; in the logistic map driven by colored noise [6]. A variety
of period-doubling universality classes in multi-parameter analysis of transition to chaos is explored in [7]. Chaotic attrac-
tors generated by iterated function systems and the emergence of chaotic behavior are studied in [8]; the cobweb model is
used to illustrate the instability and the onset of chaos in [9]. A route to ergodicity breakdown and statistical descriptions of
nonlinear systems at the onset of chaos are investigated in [10,11]. Fibonacci order in the period-doubling cascade to chaos
and the comparison of recurrence quantification methods for the analysis of temporal and spatial chaos are discussed in
[12,13]; the transition from maps to turbulence is discussed in [14]. Applicability of Hamiltonian geometrical criterion for
the exploration of chaos determined by the dynamical curvature of a conformal metric for a nonlinear Hamiltonian system
is discussed in [15]. A computer-algebraic criterion based on the autocorrelation function and Laplace–Borel transformation
for the onset of chaos in nonlinear dynamical systems is proposed in [16].
. All rights reserved.
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The object of this paper is to explore the onset of chaos also using a computer–algebraic technique. But the main differ-
ence of our approach is that we use Hankel matrix based techniques instead. The concept of H-rank and its applicability for
mapping manifolds and exploration of the system’s sensitivity to initial conditions is introduced in [17].

This paper presents the adaptation of the H-rank technique for the investigation of the complexity of transient processes
occurring in a discrete nonlinear dynamical system as it approaches the chaotic state. Algebraic decomposition of a discrete
sequence is introduced in Section 2; the computation of ranks of discrete sequences is discussed in Section 3. Numerical
experiments with the logistic map and the Mandelbrot set are performed in Sections 4 and 5; concluding remarks are given
in Section 6.

2. Algebraic decomposition of a solution of a discrete map

Let S is an infinite sequence of real or complex numbers:
S :¼ fxrgþ1r¼0: ð1Þ
A finite subsequence comprising first 2k � 1 elements (x0,x1,x2, . . . ,x2k�3,x2k�2) can be rearranged into the Hankel matrix H(k):
HðkÞ :¼ ½xrþs�2�16r;s6k ¼

x0 x1 � � � xk�1

x1 x2 � � � xk

� � �
xk�1 xk � � � x2k�2

2
6664

3
7775; ð2Þ
where the superscript (k) denotes the order of the Hankel matrix. The Hankel transform of the sequence of matrices HðkÞ
n oþ1

k¼2

yields a sequence of determinants detðHðkÞÞ
n oþ1

k¼2
¼ dðkÞ
n oþ1

k¼2
.

The rank of a discrete sequence is defined in [18]. It is such a natural number m that satisfies the following condition (if
only the rank exists):
dðmþnÞ ¼ 0 ð3Þ
for all n 2 N; if only d(m) – 0. We will use the notation:
HrS ¼ m: ð4Þ
If such a number m does not exist, we will denote that the sequence S does not have a rank: HrS :¼ +1.
Let us assume that the rank of the sequence S exists: HrS = m; m < +1. Then it is possible to construct the characteristic

algebraic equation [18,19]:
x0 x1 � � � xm

x1 x2 � � � xmþ1

� � �
xm�1 xm � � � x2m�1

1 q � � � qm

������������

������������
¼ 0 ð5Þ
which yields m roots fqkg
m
k¼1. Let us denote the number of different roots by r and recurrence indexes of each different root

by fnkgr
k¼1. It is clear that

Pr
k¼1nk ¼ m. Then, elements of the sequence S can be expressed as [17,18]:
xn ¼
Pr
k¼1

Pnk�1

l¼0
lkl

n

l

� �
qn�l

k ; n ¼ 0;1;2; . . . ; ð6Þ
where coefficients lkl 2 C; k = 1,2, . . . ,r; l = 0,1, . . . ,nk � 1 can be determined from a system of linear algebraic equations
which can be formed from equalities Eq. (6) assuming the expressions of elements xn1 ; xn2 ; . . . ; xnm of the sequence S where
indexes of these elements satisfy inequalities 0 6 n1 < n2 < � � � < nm < +1. Moreover, such system of linear algebraic equations
has one and only solution because its system matrix is a generalized Vandermonde matrix [18]. The subsequence
(x0,x1,x2, . . . ,x2k�3,x2k�2) is then called the base fragment of the sequence S.

If all roots are different, Eq. (6) reduces to:
xn ¼
Pm
k¼1

lk0q
n
k ; n ¼ 0;1;2; . . . : ð7Þ
Algebraic progressions generalize arithmetic progressions, geometric progressions and provide an insight into the dynamical
process governing the evolution of the discrete sequence.

It can be noted that a chaotic sequence does not have a rank. Otherwise it would be an algebraic progression and it could
be decomposed into an algebraic form comprising roots and coefficients according to Eq. (6). The dynamics of the sequence
would be deterministic, what contradicts to the definition of a chaotic sequence. It should be noted that this conclusion does
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not contradict to the definition of the deterministic chaos [20]. In general, a sequence has a rank if and only if every element
of that sequence corresponds to the value of a function

Pm
k¼1Q kðxÞ expðkkxÞ on a regular grid, where Qk(x) are polynomials of x

[18]. Thus, for example, the rank of a quasi-periodic sequence fsinð
ffiffiffi
2
p
ðx0 þ hjÞÞ þ cosðx0 þ hjÞgþ1j¼0 (x0,h 2 R) is equal to 4

(readers are encouraged to check this statement themselves). But a chaotic sequence cannot be decomposed into a finite
number of algebraic primitives (the attractor of the corresponding dynamical system would be not strange then).

Example 1 (All different roots). Let us consider a periodic sequence S = (1,0,4,1,0,4, . . .). It is clear that HrS = 3 because
d(3) – 0 but
dð4Þ ¼

1 0 4 1

0 4 1 0

4 1 0 4

1 0 4 1

����������

����������
¼ 0
and d(4+n) = 0 for all n 2 N. The characteristic algebraic equation
1 0 4 1
0 4 1 0
4 1 0 4
1 q q2 q3

���������

���������
¼ 65ð1� q3Þ ¼ 0
yields roots q1 = 1; q2 ¼ � 1
2þ i

ffiffi
3
p

2 ; q3 ¼ � 1
2� i

ffiffi
3
p

2 . All roots are different, thus the linear algebraic system for the identification
of coefficients flk0g

3
k¼1 takes the form:
1 1 1

q1 q2 q3

q2
1 q2

2 q2
3

2
664

3
775

l10

l20

l30

2
664

3
775 ¼

1

0

4

2
664

3
775:
Solutions read: l10 ¼ 5
3; l20 ¼ � 1

3þ i 2ffiffi
3
p ; l30 ¼ � 1

3� i 2ffiffi
3
p . Finally, elements of the sequence can be expressed as:
xn ¼
5
3
þ �1

3
þ i

2ffiffiffi
3
p

� �
�1

2
þ i

ffiffiffi
3
p

2

 !n

þ �1
3
� i

2ffiffiffi
3
p

� �
�1

2
� i

ffiffiffi
3
p

2

 !n

; n ¼ 0;1;2; . . . :
It can be noted that this is not an approximation of elements of the sequence; this expression is exact.
Example 2 (recurrent roots). Let us consider a sequence S = (7,13,22,29,4,�181,�1010, . . .). HrS = 3 because d(3) = �7 – 0,
but
dð4Þ ¼

7 13 22 29
13 22 29 4
22 29 4 �181
29 4 �181 �1010

���������

���������
¼ 0:
The characteristic algebraic equation
7 13 22 29

13 22 29 4

22 29 4 �181

1 q q2 q3

����������

����������
¼ �7q3 þ 56q2 � 147qþ 126 ¼ 0
yields roots q1 = 2; q2 = q3 = 3. Then, n1 = 1; n2 = 2 and Eq. (6) takes the following form: xn ¼ l10qn
1 þ l20qn

2 þ l21nqn�1
2 . The

linear algebraic system for the identification of coefficients l10, l20 and l21 reads:
1 1 0

q1 q2 1

q2
1 q2

2 2q2

2
664

3
775

l10

l20

l21

2
664

3
775 ¼

7

13

22

2
664

3
775:
Solutions are: l10 = 7; l20 = 0; l21 = �1. Thus, finally, xn = 7 � 2n � n � 3n�1.
Theorem 1. Let Hr(x0,x1, . . .) = m < +1 and x0,x1, . . . 2 R. Then roots qk and coefficients lkl of the algebraic decomposition of the
sequence fxngþ1n¼0 are real or complex conjugate.
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Proof. The algebraic decomposition of the sequence fxngþ1n¼0 is defined by Eq. (6) with lk;nk�1 – 0 and n1 + n2 + � � � + nk = m;
n1, . . . ,nk,m 2 N. The equality
Im
Pr
k¼1

Pnk�1

l¼0
lkl

n

l

� �
qn�l

k

 !
¼ 0
holds because x0,x1, . . . 2 R. On the other hand,
Im
Pr
k¼1

Pnk�1

l¼0
lkl

n

l

� �
qn�l

k

 !
¼ 0
holds too (the top line denotes the complex conjugate). But
Pr
k¼1

Pnk�1

l¼0
lkl

n

l

� �
qn�l

k ¼
Pr
k¼1

Pnk�1

l¼0
lkl

n

l

� �
ðqkÞ

n�l
because n
l

� �
2 R. But then !  !
Im
Pr
k¼1

Pnk�1

l¼0
lkl

n
l

� �
qn�l

k ¼ Im
Pr
k¼1

Pnk�1

l¼0
lkl

n
l

� �
ðqkÞ

n�l ¼ 0; n 2 Z0:
The last equality holds if and only one of the following conditions holds true:

(i) lkl, qk 2 R;
(ii) lkl, qk 2 C and there exists such k̂ that qk̂ ¼ qk and lk̂l ¼ lkl for all l ¼ 0;1; . . . ; ðnk̂ � 1Þ; 1 6 k; k̂ 6 r; k – k̂.

End of Proof. h
Theorem 2. Let fxngþ1n¼0 is a real periodic sequence. Then it is necessary and sufficient that all following statements hold true:

(i) A real periodic sequence has a rank; Hrfxngþ1n¼0 ¼ m.
(ii) All roots of the algebraic decomposition of the sequence are different; qk – ql; k – l; 1 6 k,l 6m.

(iii) Modulus of all roots are equal to 1; jqkj = 1; k = 1,2, . . . ,m.
(iv) All ratios argðqkÞ

2p ; k = 1,2, . . . ,m are rational numbers.
Proof

(i) Since the sequence fxngþ1n¼0 is periodic, there exists such p 2 N; m < +1 that xn+p = xn for all n 2 Z0. Then Hankel matrices
H(p+k); k 2 N contain at least two identical rows and therefore detH(p+k) = 0 for all k 2 N. Thus, Hrfxngþ1n¼0 6 p.

(ii) fxngþ1n¼0 is a periodic sequence and it can be extended into a periodic sequence fxngþ1n¼�1. Moreover, there exists such
0 < M < +1 that jxnj < M for all n 2 Z (because fxngþ1n¼�1 is a periodic sequence). Let us assume that Hrfxngþ1n¼0 ¼ m 6 p
and there exist two equal roots: qm�1 = qm, but all other roots are different. Then, according to Eq. (6):
xn ¼
Pm�1

k¼1
lk0q

n
k þ lðm�1Þ;1nqn�1

m�1; n 2 Z; lðm�1Þ;1 – 0: ð8Þ
But then there exists such n0 P 0 that jxnjP M for all jnjP n0, what contradicts to the requirement that fxngþ1n¼0 is a periodic
sequence. Analogous contradictions occur when the number of equal roots is higher.

(iii) The proof is analogous to the proof of (ii). Let us assume that jqkj > 1; 1 6 k 6m. Then there exists such n0 P 0 that
jxnjP M for all n P n0. Now, let us assume that 0 < jqkj < 1; 1 6 k 6m. Then there exists such n0 P 0 that jxnjP M for
all n 6 � n0.

(iv) Theorem 1 and statements (i), (ii) and (iii) yield:
xn ¼
Pm
k¼1

lk0 expðinukÞ; n 2 Z; ð9Þ
where i2 = �1; uk = arg(qk); �p 6uk < p. The sequence fxngþ1n¼0 is periodic if and only uk
2p is a rational number for all

k = 1,2, . . .m. Then, Eq. (9) reads:

Pm � �

xn ¼

k¼1
lk0 exp i2pn

ak

bk
; n 2 Z; ð10Þ
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where ak 2 Z; bk 2 N for all k = 1,2, . . .m. Let p is the least common multiple of b1,b2, . . . ,bm; p 2 N. Then, exp i2pp ak
bk

� �
¼ 1 for

all k = 1,2, . . .m. Thus, p is the period of the sequence: xn+p = xn; n 2 Z.End of Proof. h
Example 3 (the relationship between m and p, Theorem 2, part (ii)). Let us consider a periodic sequence with the period
equal to 4. Then, according to Theorem 2, four different roots are: q1 = 1; q2 = �1; q3 = i; q4 = �i. Let us construct three dif-
ferent sequences:

(i) xn = l30 � in + l40 � (�i)n. The period of this sequence p = 4, but m ¼ Hrfxngþ1n¼0 ¼ 2 6 p.
(ii) yn = l10 + l30 � in + l40 � (�i)n. The period of this sequence p = 4, but m ¼ Hrfyng

þ1
n¼0 ¼ 3 6 p.

(iii) xn = l10 + l20 � (�1)n + l30 � in + l40 � (�i)n. The period of this sequence p = 4, but m ¼ Hrfzngþ1n¼0 ¼ 4 6 p.

3. The computation of ranks of iterative sequences

Logistic map is a paradigmatic model used to illustrate the evolution of a simple nonlinear system to chaos [21]. This dis-
crete dynamical map comprises one control parameter a; we will investigate the interval 0 6 a 6 4:
xnþ1 ¼ FðxnÞ ¼ axnð1� xnÞ: ð11Þ
The algorithm used for the computation of the rank of a sequence S constructed as an iterative solution of the logistic map
starting from the initial condition x0 and at a fixed value of the parameter a is rather straightforward [17]. A sequence of
matrices H(m); m = 2,3, . . . (Eq. (2)) is formed. Theoretically, this process should be continued until such m when

det HðmþkÞ
0

� �
¼ 0 for all k = 1,2, . . .. Unfortunately, as shown before, the rank of a chaotic time series does not exist (m tends

to infinity). Therefore we limit the sequence of Hankel matrices setting the upper bound for m. The process is terminated if
the sequence of the determinants does not vanish until m reaches the predefined upper bound �m.

Though theoretically one need to find a determinant equal to zero, in practice it suffices to compute determinants up to a

certain precision, like the machine epsilon. The computation of determinants is executed until det HðmÞ0

� ���� ��� < e [17]. In this

respect such computations do not reveal the rank, but the pseudorank of a sequence (in analogy to the pseudospectrum of a
linear operator [22,23]). It is noted in [17] that the upper bound of the rank and the machine epsilon must be preselected
individually for each different discrete iterative map. One of the objectives of this paper is to develop an adaptive strategy
for the selection of the optimal rank and an optimal value of e for a concrete sequence S.

First of all we will demonstrate that a higher value of e may be better (we will define a precise criteria for the comparison)
than a lower value of e (but still higher than the machine epsilon). Let us construct an iterative sequence of the logistic map
(Eq. (7)) at a = 3.59 starting from x0 = 0.5. Initially, let us fix e = 10�10 and �m ¼ 50. We construct a sequence of Hankel matri-
ces {H(k)} and compute a sequence of determinants {d(k)}; k = 2,3, . . . until jd(k)j < 10�10 or k P 50. It appears that
jd(16)j < 10�10. The characteristic algebraic equation Eq. (5) then yields 16 roots; all roots are shown in Fig. 1A (it can be noted
that all roots are different). We draw a unit radius circle in the complex plane in Fig. 1A what helps to interpret the modulus
of each root.

The base fragment of the sequence is then (x0,x1,x2, . . . ,x29,x30). We plot this fragment using a thick black solid line in
Fig. 1B. Next we employ Eq. (6) to extrapolate the sequence for 100 steps into the future. The iterated sequence of the logistic
map is plotted using a thin black solid line and the extrapolated sequence – a thin red solid line in Fig. 1B. It can be seen that
the extrapolated sequence follows the evolution of the logistic map quite well for about 20 steps, but errors start accumu-
lating later.

Analogous numerical experiments are repeated for e = 10�19 (Fig. 1C, D) and e = 10�30 (Fig. 1E, F). In order to assess dif-
ferences between iterated and extrapolates sequences we introduce the measure the extrapolation errors E which is a stan-
dard RMSE (root mean square error):
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

100
P2mþ98

n¼2m�1
ðxn � ~xnÞ2

s
ð12Þ
where ~xn denote elements of the extrapolated sequence. It can be noted that ~xn would be equal to xn for all n P 2m � 1 if e
would be equal to 0.

It is clear that the extrapolation error E depends on e (Fig. 1). Therefore it is important to identify such e what would result
into a minimal E. The process of minimization of extrapolation errors at a = 3.59 and x0 = 0.5 is illustrated in Fig. 2. We per-
form computations for e = 10�k; k = 1,2, . . . ,40 (Fig. 2A). Extrapolation errors and ranks at different e are shown in Fig. 2B and
C. The minimal value of extrapolation errors is achieved at k = 19 and denoted by circles in Fig. 2A, B and C. It can be noted
that all further computations are performed using the described technique for the adaptive selection of the optimal value of e
for every particular iterative sequence. This technique can be illustrated by the following algorithm:

(0) Set e = 0.1.
(i) Set k = 2.



Fig. 1. Algebraic decomposition of transient processes of the logistic map at a = 3.59 and x0 = 0.5 at e = 10�10 (A, B); at e = 10�19 (C, D) and at e = 10�30 (E, F).
The distribution of roots is shown in A, C and E; transient processes (thin black solid lines), base fragments (thick black solid lines) and extrapolated
sequences (thin red lines) are shown in B (HrS = 16); D (HrS = 28) and F (HrS = 41). (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Fig. 2. The minimization of extrapolation errors for the logistic map at a = 3.59 and x0 = 0.5. Computations are performed for e = 10�k; k = 1,2, . . . ,40 (A);
extrapolation errors are shown in (B); ranks in (C). Minimal extrapolation errors are achieved at k = 19 and are denoted by circles.
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(ii) Construct the Hankel matrix H(k) and compute jdet(H(k))j.
(iii) Check if jdet(H(k))j < e. If the inequality holds true, compute roots q, coefficients l and the extrapolation error E(e) (Eq.

(12)) for the current value of k; set HrS(e) = k � 1. If the inequality does not hold true, set k = k + 1 and repeat from step
(ii) until the inequality holds true (or k does not exceed the preset upper value).

(iv) Set e = e/10 and repeat from step (i); continue the algorithm until e does not reach the machine epsilon.
(v) Find the minimal extrapolation error and its index: ½E�; e�� ¼ min

e
EðeÞ. The rank of the best algebraic approximation of

the sequence is then equal to HrS(e⁄).

Note that the number of steps for the computation of the extrapolation error must be preset at the beginning of the algo-
rithm and must be kept constant (the length of the base fragment of the sequence used to reconstruct the algebraic model
depends on the current value of k; k = 100 is assumed in our experiments). Therefore, the presented algorithm enables the
adaptive identification of the best algebraic model for a particular sequence. One of the main advantages of this algorithm is
based on the fact that the best algebraic approximation is systematically sought in the parameter plane (e; k). We avoid the
necessity to employ heuristic strategies, ensure the deterministic nature of algorithm and still keep the computational com-
plexity quite low.

4. Numerical experiments with the logistic map

First, the effect of the initial condition to the algebraic decomposition of the solution of the logistic map is demonstrated
in Fig. 3. We select the value of the parameter a = 3.55 what results into a period-4 attractor after transient processes cease
down. Three different initial conditions are selected: x0 = 0.01 (Fig. 3A, B); x0 = 0.25 (Fig. 3B, C) and x0 = 0.5 (Fig. 3E, F). The
distribution of roots is shown in Fig. 3A, C and E; transient processes are shown in Fig. 3B, D and F. It can be noted that
extrapolations of iterative processes are so good, that no visual differences can be observed between the solution and the
extrapolated sequence after 100 steps.

Two-dimensional plots of the rank as a function of the parameter a and the initial condition x0 are used in [17] in order to
reveal the intertwined structure of the stable, the unstable manifold and the manifold of non-asymptotic convergence of the
logistic map. Since the primary object of this paper is to explore the onset of chaos using algebraic techniques, we fix one
initial condition x0 = 0.5 for all values of the parameter a.
Fig. 3. Algebraic decomposition of transient processes of the logistic map at a = 3.55 and x0 = 0.01 (A, B); x0 = 0.25 (C, D) and x0 = 0.5 (E, F). The distribution
of roots is shown in A, C and E; transient processes (thin black solid lines), base fragments (thick black solid lines) and extrapolated sequences (thin red lines
coincide with thin black lines) are shown in B (HrS = 17; e = 10�36); D (HrS = 24; e = 10�36) and F (HrS = 17;e = 10�36).
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Before continuing with the variation of a, we investigate the effect of transient processes to the algebraic decomposition
of the solution (Fig. 4). The value of the parameter a is still the same as in the previous experiment; x0 = 0.5. But we now omit
first five steps (Fig 4A, B) and first 500 steps (Fig. 4C, D) of the iterative process. The algebraic complexity of the analyzed
iterative sequences becomes simpler when initial transient processes are omitted (compare to Fig. 3E, F). Theorem 2 is well
illustrated by Fig. 3E, A and C. Roots with modulus lower that 1 gradually dye out when transient processes are omitted. The
periodic attractor (the length of the period is 8 iterates) is represented by 8 different roots located on the unit radius circle in
the complex plane; all roots are real or complex conjugate. The ratios argðqkÞ

2p ; k = 1,2, . . . ,8 read: 0; 1
8; 1

4; 3
8; 1

2; � 3
8; � 1

4 and � 1
8; the

least common multiple of denominators is p = 8 what corresponds to the length of the period.
Nevertheless, we explore the onset of chaos without omitting transient processes because first of all it is quite hard to

identify at what concrete step a transient process has ceased down, and secondly, the length of transient processes varies
with a. Since the object of the investigation is an algebraic approach towards the onset of chaos, we start the iterative process
of the logistic map at different values of a (0 < a < 3.6), compute the optimal algebraic representation of every iterative pro-
cess and plot roots in the complex plane for every discrete value of a. We limit computational experiments at a = 3.6 because
the logistic map approaches the chaotic regime where the algebraic representation can not be useful any more (a chaotic
Fig. 4. Algebraic decomposition of iterated sequences produced by the logistic map at a = 3.55 and x0 = 0.5 as first 5 steps are omitted (A, B) and first 500
steps are omitted (C, D). The distribution of roots is shown in A and C; transient processes (thin black solid lines), base fragments (thick black solid lines) and
extrapolated sequences (thin red lines coincide with thin black lines) are shown in B (HrS = 16; e = 10�36) and D (HrS = 8; e = 10�36).

Fig. 5. The distribution of roots of the characteristic algebraic equation for the logistic map in the range 0 < a < 3.6.



Fig. 6. The variation of the rank of the algebraic representation of the solution of the logistic map (A) and extrapolation errors (B) in the range 0 < a < 3.6.

Fig. 7. The distribution of roots of the characteristic algebraic equation for the logistic map in the range 3.3 < a < 3.6.

Fig. 8. The variation of the rank of the algebraic representation of the solution of the logistic map (A) and extrapolation errors (B) in the range 3.3 < a < 3.6.
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sequence does not have a rank). The produced 3D image is shown in Fig. 5 (every dot represents a single root of the char-
acteristic algebraic equation).

The evolution of the rank of the algebraic representation of the solution and extrapolation errors is shown in Fig. 6. It is
interesting to note that the rank of the solution abruptly jumps over the computational limit (Fig. 6A) as the solution be-
comes chaotic. Extrapolation errors grow also because an algebraic progression can not represent a chaotic solution (Fig. 6B).

In order to visualize the onset of chaos in more details, we repeat computational experiments and zoon the image of the
distribution of roots in the range 3.3 < a < 3.6 (Fig. 7). One can observe intricate transitions of roots in the complex space until
the regular structure of the distribution of roots is lost when the parameter a approaches 3.6. As mentioned previously, Fig. 7
is produced by stepwise incrementing of the parameter a. It is interesting to note that the correlation between the distribu-
tion of roots at two consequent discrete values of the parameter a is high until the logistic map does not approach the zone of
chaotic solutions. There is no observable correlation left between roots of algebraic representations of solutions at conse-
quent discrete value of the parameter a as the system approaches the chaotic attractor; the variation of the rank and extrap-
olation errors become unpredictable there also (Fig. 8).
5. Numerical experiments with the Mandelbrot set

We could select another discrete nonlinear dynamic system and explore the onset of chaos using algebraic techniques.
Instead we select the discrete Mandelbrot set [24] defined by the following recurrent equality:
znþ1 ¼ z2
n þ c; z0 ¼ 0; ðzn; cÞ 2 C: ð13Þ
It is important to note that we are not going to construct the Mandelbrot set, and we are not interested if the iterated se-
quence stays bounded. We calculate ranks of the iterated sequences instead and plot them in the complex plane (Fig. 9);
m ¼ 25. White zones in Fig. 9 correspond to such values of c where the rank of the generated iterative sequence does not
exist.

Since the primary object of this paper is the algebraic approach to the exploration of the onset of chaos, we select the set
of discrete sequences on the line c = s + is (the thin solid line in Fig. 9) where i2 = �1; s 2 R. Discrete iterative sequences in the
area near the onset of chaos (0.32 6 s < 0.35) are algebraically decomposed using same numerical techniques as described in
the previous section; the distribution of roots of characteristic algebraic equations is shown in Fig. 10. The regular structure
of the distribution of roots is lost when the parameter c approaches the fractal boundary of the Mandelbrot set. Transient
processes become chaotic and the correlation is lost between roots of algebraic representations of recurrent sequences at
consequent discrete values of the parameter c.
6. Numerical experiments with real-world time series

So far we have exploited algebraic techniques for the exploration of the onset of chaos in discrete iterative systems. The
applicability of the presented algebraic technique for real-world time series remains an important topic of research. The abil-
ity to reconstruct the approximating algebraic model of the time series (especially if this series is chaotic and/or contami-
nated with inevitable noise) would enable the algebraic extrapolation of the time series into the future. The concept of
skeleton algebraic sequences is exploited in [25] for the prediction of complex real-world time series. A direct adaptive
Fig. 9. The distribution of ranks for the Mandelbrot iterative map; the thin solid line represents c = s + is.



Fig. 10. The distribution of roots of the characteristic algebraic equation for the Mandelbrot iterative map in the range 0.32 6 s < 0.35; c = s + is.
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decomposition of the real-world time series into algebraic primitives (using the algorithm presented in section 3) would of-
fer an alternative approach for the construction of an adaptive prediction algorithm.

We select two standard real-world time series: the normalized monthly mean temperatures in southwestern mountain
region in a time period started at the year 1932 [26] and the excerpt from normalized daily net retail sales [27]. Fig. 11B
shows the best extrapolation (in terms of RMSE) of the normalized monthly mean temperatures in southwestern mountain
region for 100 steps into the future; the distribution of roots is shown in Fig. 11A. The best algebraic approximation is
reached at e = 10�12 and HrS = 21 what resulted into the extrapolation error E = 0.245.

Fig. 11D shows the best algebraic extrapolation of the excerpt from normalized daily net retail sales. Note that this time
series is short and that there is not enough data to compute the error of extrapolation for 100 steps into the future. The best
approximation is reached at e = 10�4 and HrS = 8 what resulted into the extrapolation error E = 0.112.
7. Concluding remarks

The algebraic technique based on Hankel matrices and the rank of a partial solution is proposed for the investigation of
the onset of chaos in discrete nonlinear dynamical systems. The distribution of roots of the modified characteristic equation
Fig. 11. Algebraic extrapolation of real-world time series: the normalized monthly mean temperatures in southwestern mountain region in a time period
started at the year 1932 (A, B) and the excerpt from normalized daily net retail sales (C, D). The distribution of roots is shown in A and C; transient processes
(thin black solid lines), base fragments (thick black solid lines) and extrapolated sequences (thin red lines) are shown in B (HrS = 21;e = 10�12) and D
(HrS = 8;e = 10�4). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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describes a measure of the complexity of the solution and is used for the characterization of the system’s dynamics. The
developed technique is applicable for steady-state attractors as well as for transient solutions.

The evolution of the distribution of roots as the system approaches to the chaotic regime reveals interesting properties of
the system’s dynamics. The inability of a deterministic algebraic technique to decompose a chaotic solution is represented by
a computational blow-up of the rank and the stochastic distribution of characteristic roots in the complex plane. Such ampli-
fication of the algebraic complexity at the onset of chaos seems to be a universal feature of chaotic nonlinear systems and is
demonstrated for two completely different discrete dynamical systems: the logistic map and the Mandelbrot set. Applica-
bility of developed algebraic techniques for the prediction of real-world time series and continuous nonlinear dynamical sys-
tems remains an important objective for future research.
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