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ABSTRACT. The standard nonlinear hepatitis C evolution model described in
(Reluga et al. 2009) is considered in this paper. The generalized differential
operator technique is used to construct analytical kink solitary solutions to the
governing equations coupled with multiplicative and diffusive terms. Condi-
tions for the existence of kink solitary solutions are derived. It appears that
kink solitary solutions are either in a linear or in a hyperbolic relationship.
Thus, a large perturbation in the population of hepatitis infected cells does
not necessarily lead to a large change in uninfected cells. Computational ex-
periments are used to illustrate the evolution of transient solitary solutions in
the hepatitis C model.
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1. Introduction. Recent developments in computer hardware and software enable
to use powerful symbolic computation techniques for the construction of nonlinear
wave solutions to high-dimensional nonlinear evolution equations in mathematical
physics. Solitary (or soliton) solutions represent solitary wave packets that do not
change their shape when propagating at constant velocities [24]. Due to their unique
properties, construction of solitary solutions is an important problem in nonlinear
science [26, 4, 1].

A short overview of typical examples illustrating the discovery of solitary solu-
tions in nonlinear evolution problems is presented below. The dynamic pressure of
an irrotational solitary wave propagating at the surface of water over a flat bed is
studied in [6]. Properties of bright and dark solitary solutions in strongly magne-
tized warm plasmas are considered in [5]. Solitary wave solutions to a system of cou-
pled complex Newell-Segel-Whitehead equations are constructed in [9]. Gray/dark
solitons in nonlocal nonlinear media are analytically studied using the symmetry
reduction method in [8]. A closed-form analytical solution, including bright and
dark solitons, to the driven nonlinear Schrédinger equation is constructed in [22].

Solitary solutions are often encountered in coupled differential equations. Next
we mention several typical examples. Dark-bright soliton solutions to a coupled
Schrodinger system with equal, repulsive cubic interactions are considered in [2].
In [23], exact bright one- and two-soliton solutions to a particular type of coher-
ently coupled Schrédinger equations are constructed using the non-standard Hi-
rota’s bilinearization method. Three families of analytical solitary wave solutions of
generalized coupled cubic-quintic Ginzburg-Landau equations are obtained in [27].

Even though kink solitary solutions are the simplest type of solitons, their con-
struction and analysis is far from being trivial [21]. Kinks and bell-type soliton
solutions to a differential equation describing the dynamics of microtubules are
constructed in [28]. The interaction of kink-type solutions of harmonic map equa-
tions is studied in [7]. The kink solutions to the negative-order KdV equation
are constructed using the Lax pair in [18]. Kink solutions to models of transport
phenomena and mathematical biology are considered in [25].

The main objective of this paper is to seek kink solitary solutions in a hepatitis
C virus infection model [20] that explicitly includes proliferation of infected and
uninfected hepatocytes. The mathematical equations of the model are:

7
7;=§+7~TT(1— 7}* ) —drT — (1 =) BVT +T;
%:TII<1—T+I)Jr(l—’l])ﬁVT—dII—(/jj; (1)

Vi=(1-¢€)pZ —cV,

t

where  is time; T (tA) represents uninfected hepatocytes; Z (tA) represents infected

cells and V (¢ represents free virus population. The parameters of (1) have the

following meaning: p is the free virus production rate per infected cell; ¢ is the
immune virus clearance rate; dy,dz are death rates for uninfected hepatocytes
and infected cells respectively; r7,r7 are parameters of the logistic proliferation
of T and 7 respectively; logistic proliferation happens only if T < Tpee; 5 is
the rate of infection per free virus per hepatocyte; parameters 5 and ¢ represent
the increase rate of uninfected hepatocytes through immigration and spontaneous
cure by noncytolytic process respectively; finally the effect of antiviral treatment
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reduces the infection rate by a fraction 1 and the viral production rate by a fraction
e. Ranges of parameters are given in [20].

The third equation of system (1) can be explicitly solved for V' if patients are in
a steady state before treatment. The introduction of dimensionless state variables

2 and y for uninfected and infected cells respectively reduces (1) to:
=x(1—-z—y)—(1—0)bry + qy + s; @
vr=ry(l—x—y)+ (1 -0)bry —dy —qy.

Note that (2) can be rearranged in the general form:

x’T = qag +a1x+a2x2+a3xy+a4y; x = u;
T=cC (3)
yr =bo + b1y + boy® + bswy + bax;  y =,
T=cC
where ¢, u,v,ax, b € R,k =1,...,4. System (3) is comprised of Riccati equations

[19] coupled with both multiplicative and diffusive terms.

It appears that models (2) and (3) are natural extensions of the competing species
evolution model with the Allee effect [12, 3]. Furthermore, similar evolution models
are at the forefront of the analysis of population dynamics in many fields of research
[11]. Thus, insight into the evolutionary dynamics of (3) would be valuable for
understanding of transient processes in the hepatitis C model as well.

It has already been demonstrated that in the case a4 = by = 0, system (3) does
admit both kink and bright/dark solitary solutions [14, 16]. The aim of this paper
is to construct kink solitary solutions to (3) when parameters a4,bs are nonzero.
Existence conditions in the space of the system parameters and explicit expressions
of kink solutions are obtained using the generalized differential operator method.

2. Preliminaries.

2.1. Kink solitary solutions. Kink solitary solutions have the following form
[24, 17, 15]:

(4)

(5)

where o, v, 7y, Ty, 1,71 are functions of initial conditions u,v; n € R. To simplify
the analysis of (4), (5), the standard substitution

t:=exp(nr), €:=exp(ne); (6)
is used to transform (4), (5) into:

t—71
t—ty

o 1 1
Z(t;c,u,v) =x <lnt;lnc,u,v> =0
n n

o~

-~ —~ 1 1 t,yl
y(t;c,u,v)=y<lnt;lnc7u,v) =7 : (8)
nooon t—ty
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where t,,t,,%1,%1 depend on ¢, u,v. Furthermore (7) and (8) can be rearranged as:

. A2
TN T Y
~_ M2

with A, = A\ (G, u,v) , i = e (6,4,0) , p = pz (€, u,v) y Py = Py (¢, u,v).
In the remainder of this paper, kink solutions written in the form (9),(10) will
be considered.

2.2. Operator expression of solutions to systems of nonlinear ODEs. Let
P, @ be trivariate analytic functions. Consider the following system of differential
equations:

t=¢ (11)
U, =Q(t,z,9); ¥

t=c

The generalized differential operator with respect to system (11) is defined as [14]:
Dzyo = DEJFP(E,U,”) DU+Q(au,U) va (12)

where D¢, D,,, D, are partial differentiation operators with respect to the indexed
variables. Note that standard properties of differential operators [13] do hold for
(12).

The general solution to Eq.(11), [14, 13], takes the following form:

+oo ~Jj +o0 ~Jj

- =2 - E:@—c) /

T = - Dgc\uv ; y= - Dgc\uvv' (13)
j=0 J: j=0 J:

Note that D2

suw = I, where I is the identity operator.

3. Existence conditions for kink solutions to (11). Let

pj=DL u; ¢ =Dl v, j=0,1,.... (14)

cuv ! cuv

Note that the functions p; = p; (¢,u,v) ;q; = ¢; (¢, u,v) satisfy recurrence relations
Pj+1 = DauwDj; ¢j+1 = Daypq;. Furthermore, (13) and (14) yield:

+oo ~J

- t—=¢

T = ( 9 ) Pj; (15)
PR
+oo ~Jj

~ t—

y = ( .'C) q]‘. (16)
0 J-
j:

If (11) admits the solution (9),(10) then (15) and (9) must be equal, so that:

X2y Ao

A T

- (")

=0
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Expanding the right side of (17) results in:

“+o00 Y “+oo Y )
> : j!c) IIERYEPYEDY (t j!c) (j!Azp;) : (18)

=0 j=1

Equality (18) together with py = u yields:

U= A1+ Ag; (19)

pj=7Nepl, j=1,2,.... (20)
Analogously, (16) and (10) yield:

vV = pi1 + p2; (21)

g =Jjlpapl, j=1,2,.... (22)

Theorem 3.1. System (11) admits kink solitary solutions (9) and (10) if and only
if the following conditions hold true for all values of ¢, u,v:

D1 q1
A2 ="—=, pz #0; po=—, py#0; (23)
Pz Py
Deuvps = p3; Deuopy = p; (24)
Dzyvre = >\2pm; DEuv/LQ = KU2pPy- (25)

Proof. Derivations presented in Section 3 yield that system (11) admits kink solitary
solutions if and only if (20) and (22) hold true. Thus it will be proven that conditions
(23)—(25) are necessary and sufficient for (20) and (22) to hold true.

Necessity. Let (20) hold true. Taking j = 1,2 results in:

Solving (26) for A2 yields (23). Solution to (27) for p, together with (23) results in:

D2
= — 0. 28
pa=g 5 P # (28)

Equation (28) results in (24):
2171 (DEuvp2) - 2172 (Dﬁuvpl) _ 12)\%[7;1; - SA%pi 2

4p3 AN3p2
Analogously, (23) yields (25):
T DEuv - D&w T 2A 3 — A 3
D?'fuv)\2 = D'c\uvpi1 = P ( pl) 2p1( : ) = 2 2 2Lz = >\2pa: (30)
Sufficiency. Condition (23) yields:
P1 = A2pg. (31)
Applying the operator Dg,, to (31) and using (24) and (25) yields:
p2 = Dauw ()\2p:v) = Pz (DEuvA2) + A2 (D’Euvpac) = 2/\2Pi (32)
Thus, continuing by induction, if p; = j!A\2pZ, then:
Pj+1 = DEuU (]')\2pi> = .7' (p]z (Dfuv)‘Q) +j)\2,0£;_1 (D’c\uvpx)> ( )
33

=t (Repk™ 4 idapk ) = (G + DA™
which finishes the proof. O
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Corollary 1. Equations (19) and (28) yield:

2 2
Ao=u— 2 (34)
b2
furthermore:
DEuvAl = DEuvu - DEuv)\Q = 0. (35)
Analogous relations hold for p.
Corollary 2. Let (20) hold true. Then:
2p1ps — 3p; = 0. (36)
FEquivalently, (22) results in:
2q143 — 3¢5 = 0. (37)

4. Construction of kink solutions to (3). Results of Theorem 3.1 are used to
determine existence conditions of kink solutions to (3) in this section. Furthermore,
explicit expressions of kink solutions are given in terms of the system’s parameters.

4.1. Transformation of (3). Applying transformation (6) to (3) results in the
following system:

~/ ~ ~2 A~ ~
T, = ag + a17 + axx” + azxTy + asy;

S (38)
Ny, = bo + b17 + bay” + bsTY + baZ.
System (38) is subject to initial conditions:
T =u; Y =w. (39)
t=c t=¢

4.2. Derivation of existence conditions of kink solutions to (3). The gen-
eralized differential operator Dg,, with respect to (38) reads:

1
D¢y =D+ — (ao + aju + asu’ + asuv + a4v> D,
L (40)
+ = (bo + byv + bav? + byuv + b4u) D,.
7c
The conditions of Theorem 3.1 can only be satisfied for special values of parameters

700, - - ., a4; bg, ..., by. Derivation of these parameter values is given in the following
subsection.

4.2.1. Computation of parameter n. Coefficients p;,q;;7 = 1,2,3 are computed us-
ing (14) and (40). Note that to satisfy Theorem 3.1, n must also satisfy Corollary
2. Equations (36), (37) result in the following system:

2p1ps — 3p3 = 0; (41)
2¢193 — 3¢5 = 0. (42)

Values of n can be computed from (41) and (42) using computer algebra. First it
can be noted that (41) and (42) have the following structure:

Ap(u,0)n* + By(u,v) = 0; (43)
AQ(ua 0)772 + Bq(u7 v) =0, (44)
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where A, A,, By, By are known functions of u, v. Equation (43) yields:

B, (u,v)
2 p\U,
= — . 45
U A,(u,0) (45)
If the parameter 7 is not a function of ¢, u, v, then the kink solution definition holds
true. Furthermore, if  does not depend on ¢, u, v sufficient conditions of Theorem
3.1 hold true.

Long division of (45) results in:

2
=5, 46
7 = Sl0) + G2 (16)
Analogously, (44) yields:
R, (u,v)
2 A
=S — . 47
A R ORD o
Parameter 1 does not depend on w,v only if ag,...,aq4;bg,...,bs are chosen in
such a way that S, = S, are independent of u,v and
R,=R,=0. (48)
4.2.2. Solution of (48). Remainder R, has the following structure:
1 3 4 4 4
R, =— u?’Zc;gjv] —|—u2262j1ﬂ —|—ch1]-1)] +Zcojvj , (49)
a3 j=0 j=0 Jj=0 Jj=0
where coefficients cx; depend only on ag, . .., as; bo, . . ., bs. Equations (48) and (49)
result in the following system of 19 algebraic equations:
c3; =0, j=0,...,3
3” . (50)
=0, k=012 j=0,... 4
Solution to (50) reads:
gy = (a1a3; a2a4); (51)
a3
b — 7a%a§b3 — a1a2a§b1 — 2ajasazasbs + a3azasby + a3a2bs _ (52)
0 — a2ag )
by = 2308 (53)
2 — as )
b4 _ _a1a3b3 — a2a3b1 — a2a4b3. (54)

2
as
Inserting (51)—(54) into R, results in R, = 0, thus (48) is satisfied.

4.2.3. Final solution for n. Inserting (51)—(54) into S,, S, yields:

_ 2&3[)3 (CLQ — bg)uv n a?)) (a% — b%) ’U2 _ 2 (CLQ — bg) (a1a3b3 — a2a3b1 — a2a4b3)u

2

SP
a2 as az20a3

2 (alagag + a1a3b3 — 20,%0,4 - a2a4b3) (GQ - b3)’u

p)
az

1

2.2 2 2 272 3 2

+ p (a1a2a3 + 3ajazbs — 4ajasa3a4 — 2a165a3a4b3
203
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— dayasa3b1bs — 6ajasazasbs + 4asal 4 2a3azasby + 2a3aibs + azazb?

55
+ 4a3azasbibs + 3a§aib§); (55)
and
2 —b
Sq = —2as (az — b) wv + (b — a3) u? — 2(a2 = bs)
aga3
X (—a4a§ + ((a1 —by1)as — 2a4b3) as + 2a1a3b3> u— 2a4 (ag — b3)v
1 )
+ 5 9 (4@%@%6% - 2(110,;(13&4 - 2&1@%@3&4[)3 — 40,1(12&%1)1[)3 (56)
303
— 8ayazazasbi + 3aja? + 2a3azasby + 2a3a’bs + a3a3b? + 4aiazasdibs
+ 4a§aib§).

From (55) and (56) it follows that S,, S, are equal and do not depend on w,v in
the following two cases:

Case 1. If
b3 = as, (57)
then
2a1a3 — 3azas — asby \
772 =5,=8,= < aias a20a4 — a3 1> . (58)
as
Conditions (51)—(54) read:
ag = ayq (a1a32— a2a4); (59)
as
by — _ (@103 — 0204) (algs ~ az04 — ashy), (60)
as
b2 = as; (61)
by —
by — 92 (0204 +S§ 1= mas). (62)
3

Note that coefficients aj and by, can be interchanged in (57)—(62) because of sym-
metry.

Case 2. If b3 = —ag then (55) and (56) read:

4 ((a1 + b1) az — asaq) a
(( 1 1) as 2 4) 2u—4a2a4v

0 = Sp = 8¢ = —4azazuv +

as
2 63
4 (al + %1) a% — 8a4ao (a1 + %1) as + 5aZa§ (63)
+ 3 .
az
From (63) it follows that Sp, S, is independent of u, v only if:
bg = a3 — 0. (64)

Condition (64) transforms (63) into:

n? = (by + 2a1)>. (65)
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Conditions (51)—(54) read:
aray

ag = a3 3 (66)

by — Db, (67
as

by = —asz; (68)

by = 0. (69)

4.3. Kink solutions in linear relationship.

Theorem 4.1. System (38) admits kink solitary solutions for all initial conditions

¢, u,v if the parameters n; ag, . . . ,a4; bo, . - ., by satisfy the following relations:
2 — —azb
— aiasz — 3asay — azby : (70)
ag
by = az; az = bs; (71)
by (bibs — boby) = bob3; (72)
az (araz — azas) = by (bibs — babs); (73)
a0a3b4 = b0b3a4. (74)

Proof. Let (57), (59)—(62) hold true. Equation (70) follows from (58).
1. Let us consider the (+) branch of (70).
Condition (28) yields:

a%u + asbsu — ajaz + azby + 2a4b3

r = Py = — . 75
p Py C (2&1&3 - a3b1 — 3&4()3) ( )

Applying operator (40) to (75) results in (24).
Condition (23) yields values of Az, ia:
(azu + as) (va3 + (bsu + ay) az — asbs) .
az (va3 + (bsu — ay + b1) az + 2agbs)
B (va§ + (by —a1)as + a4b3) (vag + (bsu+a1)as — a4b3)
H2 = a? (UCL% + (bsu — a1 + by) az + 2a4b3) '

From (76), (77) and (40) it follows that (25) holds true. Thus, (38) admits
kink solutions.
2. For the (—) branch of (70) steps of the proof are repeated, yielding:

Ao = (76)

(77)

asbz — ajaz — agbzu — alv

T = = — 3 78

p Py C (2&10,3 — CL3b1 — 3a4b3) ( )
1 1

Ag = . (asu+aq); po= 2 <a4b3 + azby —araz + agv) : (79)
3 3

Conditions (24) and (25) hold true for (78) and (79).

It can be shown that symmetric conditions (71)—(74) are equivalent to (57),
(59)-(62). Relations (59) and (62) can be rewritten as:

2
aOG/S
ai1ag — a4 = ; (80)
a4
b4CL2
ajaz — aga4 = a3b1 - 73 (81)

az
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Inserting (80) and (81) into (60) yields:

baa-
bo = M7 (82)
aoQy
which results in (74).

Equation (81) together with (71) yields (73), which can be rewritten as:

a
blbg — b2b4 = Fj (a1a3 — a2a4) . (83)
Using (80) and (71) transforms (83) into:
bob3
bibs — baby = ——, (84)
ba
that results in (72). O

Corollary 3. It follows from subsection 4.1 that system (3) admits kink solutions
of the form (4), (5) when conditions of Theorem 4.1 hold true. Parameters of (4),
(5) read:

o=Ai; Y= (85)
14 ¢p,

== (36)
1

- A (14202) 4+ o) : 87

T pr)\l( 1 (14Cp2) + A2) (87)
1

= — 1+¢ps) + , 88

n=a (11 (1 +Cpa) + p2) (88)

where py, Az, 2 are given by (75), (76) and (77) or (78) and (79) depending on the
sign of . Parameters A1, 1 are defined in Corollary 1.

Note that ¢p,; = ¢p, does not depend on ¢, thus (85)—(88) depend only on initial
conditions u,v. Also note that cases with positive and negative signs of 7 are
interchangeable, because:

exp (n(r—c)) —a1 oz exp(—n(T—c) -
= - (89)
exp (n(T —¢)) — 7 7 exp (—n (1 —¢)) — =
Analogous rearrangements also hold true for . Thus in further computations only
one sign of n can be considered.

Corollary 4. Let conditions of Theorem /.1 hold true. Kink solutions to (3) satisfy
the following linear relationship:

Ax(t) + By(r) = 1, (90)
where

A ai1as — a3b1 — a4b3 — a?ﬂ}

(a1as — azby — asbs) u + azagv’
as (asu + aq)

(a1a3 —asby — a4b3) u + a3a4v'

Proof. Equation (4), (5) yields:

Ax(r) + By(r) = (Ao + By) e::p(z];Z'T—_c)c;)—_(fam + Byy1) . (93)

B=
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Kink solutions are in linear relationship (90) if:

Ao + By =1,
(94)
Aoz + Byy, = 7s.
Solution of (94) together with (85)—(88) result in (91) and (92). O

Corollary 4 demonstrates that all phase plane trajectories of the system (3) are
straight lines if the conditions of Theorem 4.1 hold true.

4.4. Kink solutions in hyperbolic relationship.

Theorem 4.2. System (38) admits kink solitary solutions for all initial conditions
¢, u,v if (64), (66)-(69) hold true and

n=—by — 2a. (95)
Proof. Let (64), (66)—(69) hold true. It follows from (65) that:
1. Let us consider the (4) branch of (96). It can be obtained that p; = 0,j =
2,3,..., thus by Theorem 3.1 T cannot be a solitary solution.
2. Considering the (—) branch of (96) yields the following parameters:
1 azv —a; — by
=—; =——— 97
Pz /C\, py /C\(bl + 2a1) ’ ( )
(asv + a1) (asu + aq) asv + ap
2 as (b1 + 2a1) H2 as ( )
The conditions of Theorem 3.1 are satisfied for (97), (98), which finishes the
proof.
O

Remark 1. Note that analytical non-kink solutions do exist for n = by + 2a;.
Equation (15) yields that Z is a linear functions of ¢:

(azu+ aq) ((agv +ay)t— (azv — a3 — by) E) ayq

T = — - —, 99
cas (bl —+ 204) as ( )
while 7 is a kink solution with the following parameters:
asv + aq asv —a; — by a1 +b;
— — = — = . 100
Py ¢ (b1 + 2ay) Hz as = as (100)

Corollary 5. When conditions of Theorem /.2 hold true, system (3) admits kink
solutions of the form (4), (5) with the following parameters:

o=X\; Y= (101)
7. = 0; (102)
.
7y = Py, (103)
Cpy
1
= (M (1+8p) + a); 104
T Epm)\l(l( +Cpa) + A2) (104)
- 14+ py) + p2) 105
Y1 Soutil (Ml( Px) M2) (105)

where pg, py, A2, pho are given in (97) and (98) and A, p1 are computed as in Corol-
lary 1.
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Corollary 6. If conditions of Theorem 4.2 hold true, then kink solutions x,y to
(3) satisfy the following hyperbolic relationship:

a1 + b1 aq

—u

+b
z(r)y(r) - L”T?’lx (r) + Z—zy (r) == =St o, (106)

Proof. Let B, C' be unknown coefficients. Equations (101)—(105) together with (4),
(5) result in:

x(1)y (1) — Bz (1) = Cy (1) —uv + Bu + Cv
(lfexp(n(tfc))>(a3v+a1)((a1+b17a3v)E(B,C) exp(n(tfc))+(a3’u+a1)(a3u+a4)@(B,C))

a2n exp(n(tfc)) ((a1+b17a3'u) (exp(n(tfc))+a3v+a1)>

b

(107)

where
E(B,C) = —Buaj — ((2C + u) a1 + (C + u) by + a4 B) az + ara4; (108)
O (B,C) = Bas + a1 + b;. (109)
Solving == 0,0 = 0 for B, C finishes the proof. O

Corollary 6 shows that all phase plane trajectories of system (3) are hyperbolas
when conditions of Theorem 4.2 hold true.

5. Computational experiments.
5.1. Kink solutions in linear relationship.

5.1.1. Equilibria. Let the conditions of Theorem 4.1 hold true. Equilibrium points
of system (3) are given by:

— —asb b
:Eil) _ _61747 yil) _ a1as azgm a301 _ _74; (110)
as as b3
boa'? + agyl? = — 108, (111)
aq

Note that (111) describes infinitely many equilibria that lie on a straight line.

5.1.2. Construction of kink solutions. Let us consider the following system:

3
:U’T:—§+2x—21;2+4xy—3y;
3 3
! _ 2 <.
Yr="16 Y+ dy” — 2zy + k) (112)
€T :U7 y = .

Using transformation (6) on (112) results in:

N 3 on 0m2 | g o
T, = -5+ 27 — 222 + 477 — 37;

3 3
~ _ _ Y = P R Yoval YA
MY, =1 YT 200 T (113)
Zl =u, gy =wo.
t=c t=c
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Coefficients of (112) satisfy (71)—(74). Equation (70) yields:

1
n=g. (114)

By (89), it is enough to consider 7 = —1 to obtain all solutions to (112).

RV

I 2 30- 0 i 2 3
t t

(S}

-

=)

¥}
'

(S}
!

(a) (b)
FIGURE 1. Kink solutions Z, 4 to (112) with ¢ = 1. The black line
denotes 7 (t); the gray line denotes 7 (¢). In (a), v = 10,v = —4; in
(b), u=—-2,0v=0.

By Theorem 4.1, the parameters of kink solutions to (113) read:

3 3
=2 p=u— 2 11
>\1 47 AQ (% 47 ( 5)
3 3
=2 pp=v- 2 116
mo=gi e =ve g (116)
1
px:py:é(élu—&u—l). (117)

Kink solutions Z,y to (113) are depicted in Fig. 1.
Parameters of kink solutions of the form (4), (5) read:

3 3 4u — 8v
3. 3. _ _4u—-8v 11
T TR T T i 8u—1 (118)
4(16u — 24v — 3 8(12u — 16v — 3
2 = 4 ), 4 =8 ) (119)

12 (4u —8v —1) "’ 24 (4u —8v —1)
Kink solutions z,y with parameters (118), (119) are depicted in Fig. 2. Note that
Fig. 2 (a) and (b) correspond to Fig. 1 (a) and (b), since ¢ = %1n€.
Note that by Corollary 4, kink solutions do satisfy the following linear relation-
ship:
3—8v 8u — 6v
3u — 6vx+ 3u— 60"
The phase plane of (112) is depicted in Fig. 3. Because (120) holds true, all phase
plane trajectories of (112) are straight lines. Note that the equilibrium point defined
by (110) is an unstable node. The equilibrium line defined by (111) is attractive
on the half-plane that does not contain the unstable node. On the half plane that
does contain the unstable node, the line is repulsive.

=1. (120)
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1 )
() (b)
FIGURE 2. Kink solutions z,y to (112) with ¢ = 0. The black line

denotes z (7); the gray line denotes y (7). In (a), u = 10,v = —4;
in (b), u=—2,v=0.

Because kink solutions are in linear relationship, a perturbation in infected cell
population y leads to a proportional perturbation in uninfected cell population x. In
Fig. 3, as solutions evolve from point A to B, y increases by 0.46 while x decreases
by 1.09.

5.1.3. Control of system parameters. Consider the following system:

3
z = -3 + a1z + b3x? + dzy + aqy;

3 3
/ 2 .
Yr = 16 + b1y +4y” + bsxy + *]337 (121)
T =u, Yy =,

where a1, as,a4,b; € R. Condition (71) of Theorem 4.1 is satisfied. System (121)

admits kink solitary solutions if (72)—(74) hold true:
3 9 3 5
2 B 122
e R T (122)
b3 (4@1 — b3a4) = 4b1b3 — 12; (123)
9 3

Since (122)—(124) contain parameter bs, this parameter can be designated as the
control parameter for the existence of kink solitary solutions. Solving (122)—(124)
with respect to b1, a1, aq yields:

12 — b2

T =¥ (125)
3 1

ar = 5 — b3 (126)
6

as=- (127)
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FIGURE 3. Phase plot of (112). Black lines denote kink solution
trajectories. The gray circle denotes the unstable node (110). The
gray dashed line denotes the equilibrium line (111). Gray arrows
denote the direction field. The dotted line illustrates that pertur-
bations in infected cell population y lead to proportional changes
in uninfected cell population . As the solution evolves from point
A to B, y increases by 0.46, while x decreases by 1.09.

Condition (125) can be illustrated by the following numerical experiment. Let
Z (1;¢,u,v;a1,a4,b1,b3), ¥ (7;¢,u,v;a1,a4,b1,b3) denote the numerical solution of
(121) obtained by a forward constant-step integrator for arbitrary values of a1, aq, b1,
bs. Error A between the numerical solution and kink solution x (7; ¢, u, v; a1, aq, by,
bs), y (75 ¢, u,v;a1,a4,b1,b3) in the form (4), (5) with parameters defined in Corol-
lary 3 reads:

|E(c+jh; C, U, v;a1,a4,b1,b3) — a:(c—|—jh;c,u,v;a1,a4,b17bs)’

N
A(a1,a4,b1,bg) :Z

Jj=0

—

+ |7 (c+ jhs c,u, via1, a4, b1,b3) — y (¢ + jhs c,u, v a1, as, by, bs)| ),
(128)

where h is the integrator step size; ¢, u,v are any fixed initial conditions. Plot of
error (128) when (126) and (127) hold true is given in Fig. 4. Note that the error
is almost zero on the hyperbola defined by (125), which verifies results of Theorem
(4.1). Analogous plots generated for conditions (126) and (127) are depicted in



16 TELKSNYS, NAVICKAS, SANJUAN, MARCINKEVICIUS AND RAGULSKIS

I
! ,,, g ',','}'.':.'#:‘1“’
i

RN
R
S\l

N ‘\\g \\\\\\\\\\\\\\\\\\\\\\\\\\

I
‘e,'

i
i
s

b\

FIGURE 4. Plot of error (128) for ¢ = 0,u = 5,v = 1. Conditions
(126) and (127) hold true. The step size h is 10~%; error is estimated
over N = 100 steps. Errors higher than 10 are truncated to 10 for
clarity. Note that the error is almost zero on the curve defined by
(125).

Fig. 5 and 6. The classical Runge-Kutta 4th order method [10] is used to generate

numerical solutions to (121).
5.2. Kink solutions in hyperbolic relationship.

5.2.1. Equilibria. Let Theorem 4.2 hold true. Equilibria of (3) read:

b
xil):—%, y£1):a1+ 1;
as bs
3:9) = q, y,(?) :_ﬂ’ aeR.
as

As in Subsection 5.1.1, (130) denotes a straight line of equilibrium points.
5.2.2. Construction of kink solutions. Consider the following system:

2l =3+ 2z + 2zy + 3y;

yr =3+y— 2%

T =u, Yy .

T=c

T=cC

Using transformation (6) on (112) results in:
Nty = 3 + 27 + 277 + 3y;
Y =3 +7 — 2%

o o=u, ¥

(129)

(130)

(131)

(132)
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FIGURE 5. Plot of error (128) for ¢ = 0,u = 5,v = 1. Conditions
(125) and (127) hold true. The step size h is 10~3; error is estimated
over N = 30 steps. Errors higher than 2 are truncated to 2 for
clarity. Note that the error is almost zero on the line defined by
(126).

Theorem 4.2 yields the parameters of kink solutions to (132):

1 1
A1=—5(2uv—3u+3v+3); )\225(1)+1)(2u+3); (133)
1 2v—3
pm=-l =140 pa=-z py= (134)

5¢
Kink solutions to (132) are depicted in Fig. 7.

Corollary 5 yields that the above system has kink solutions (3) with the following
parameters:

1
n = —b; a:—g(2uv—3u+3v+3); y=-1; 1, =0; (135)
20+ 2 2uv 4+ 2u+3v+3 3v+3
=t . k. (136)

T 2w —3ut3v+t3 20 —3

Kink solutions to (131) are depicted in Fig. 8.
The phase plane of (131) can be seen in Fig. 9. Note that by Corollary 5, all
solutions to (131) correspond to kink solutions in hyperbolic relationship:

3 3 3 3
Ty — 5 + QY =uww—u + 2 (137)

thus all phase trajectories are hyperbolas. Point (129) is a saddle point and the line
(130) is repulsive in both half-planes.
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FIGURE 6. Plot of error (128) for ¢ = 0,u = 5,v = 1. Conditions
(125), (126) hold true. The step size h is 1073; error is estimated
over N = 30 steps. Errors higher than 100 are truncated to 100 for
clarity. Note that the error is almost zero on the hyperbola defined
by (127).

30

(b)

FIGURE 7. Kink solutions to (132) with ¢ = 1. The black line
denotes Z (t); the gray line denotes 7 (t). In (a), u = 4,0 = 1; in
(b), u=—5v=2.

Note that if one kink solution is perturbed by an infinitesimal amount, the other
solution can exhibit non-infinitesimal changes. For example, in Fig. 9, the vari-
able representing infected cells y has been decreased by 5.19 from point A to B,
which results in an increase of 0.39 in the variable representing uninfected cells z.
Such instability under perturbations is observed for all systems (3) that satisfy the
conditions of Theorem 4.2.
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(2) (b)

FiGure 8. Kink solutions to (131) with ¢ = 0. The black line
denotes z (7); the gray line denotes y (7). In (a), u = 4,0 = 1; in
(b), u=—5v=2.

6. Concluding remarks. Kink solitary solutions to a generalized system of hep-
atitis C evolution equations (3) coupled with both diffusive and multiplicative terms
have been constructed in this paper. The generalized differential operator enabled
the derivation of explicit existence conditions for kink solutions in terms of the
system’s parameters and the construction of general solutions to (3).

It has been shown that kink solutions to (3) hold for all initial conditions and
can be in either linear or hyperbolic relationship. If kink solutions are in linear
relationship, an infinitesimal perturbation of infected cell population results in an
infinitesimal perturbation of uninfected cell population. However, if solutions are
in hyperbolic relationship the former statement does not hold true — a large pertur-
bation of infected cell population can lead to a infinitesimal alteration of uninfected
cell population or vice versa. Such perturbation effects provide valuable insight into
hepatitis C and other population evolution models.
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