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Abstract Applicability of time average geometric moiré
for elastic oscillating structures is analysed in this paper.
Mathematical and numerical models describing the formation
of time averaged fringes are carefully constructed without the
assumption that dynamic deflections are described by a slowly
varying function. Though time average geometric moiré is
considered as a classical optical experimental technique, we
show that well known relationship between the fringe order,
amplitude of oscillation and pitch of the grating in state of
equilibrium can be used only when the amplitude is small.
Otherwise the inverse problem of fringe interpretation
becomes much more complicated and is the object of analysis
in this paper. We describe the interpretation of fringes
produced by time average geometric moiré in detail and
illustrate the complexity of the problem by numerical
examples.
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Introduction

Advanced strain measurement and control tools (including
geometric moiré techniques) are regarded as primary
technology drivers in such industries as MEMS (micro-

electro-mechanical systems) fabrication and high precision
machine tools manufacturing [1–4]. Accurate interpretation
of measurement results is one of the crucial factors enabling
minimization of errors and uncertainties in the manufacturing
process.

Geometric moiré [4, 5] is a classical in-plane whole field
non-destructive optical experimental technique based on
analysis of visual patterns produced by superposition of two
regular gratings that geometrically interfere. Examples of
gratings are equispaced parallel lines, concentric circles,
arrays of dots, etc. [5, 6]. The gratings can be superposed by
double-exposure photography, by reflection, by shadowing,
or by direct contact [7, 8]. Moiré patterns are used to
measure variables such as displacements, rotations, curva-
ture, and strain throughout the viewed area. In-plane moiré is
typically conducted with gratings of equispaced, parallel
lines painted on the surface of the analyzed body [5, 7].

Double-exposure geometric moiré techniques can be
extended to time-average geometric moiré methods when
the moiré grating is formed on the surface of elastic
oscillating structure and time averaging techniques are used
for registration of time averaged patterns of fringes [9, 10].
These seminal papers exploit assumptions that dynamic in-
plane displacements from the state of equilibrium can be
different at different locations on the measured surface.
Nevertheless, the mathematical relationships in these papers
declare that the pitch of moiré grating is assumed to be
almost constant even in the state of maximum deforma-
tions. Elegant mathematical transformations are used to
derive a relationship between the order of time averaged
fringe, pitch of the grating in the state of equilibrium and
the magnitude of dynamic displacement. It is shown that
time averaged fringe order no longer represents the
displacement by an integer number of pitches; the intensity
of time averaged moiré pattern is governed by mathematical
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relationships comprising more complex mathematical rela-
tionships involving Bessel functions of the first kind.

These classical results are represented in textbooks on
experimental mechanics [4] and are exploited in numerous
engineering applications involving time average projection,
reflection, and geometric moiré [11–13]. But it appears that
mathematical relationships governing the formation of time
averaged fringes become much more complex than reported
by Dai and Wang [8] and Liang et al. [9] if the variation of
the pitch of the moiré grating in time is assumed without
any simplifications.

The goal of this paper is to follow the derivation of these
mathematical relationships as strictly as possible so as to
enable deeper understanding of the physical information
represented by fringes produced by time average geometric
moiré.

One-dimensional Example, Basic Formulations

One-dimensional example is analyzed for simplicity at first.
Moiré grating on the surface of a one-dimensional structure
in the state of equilibrium can be interpreted as a periodic
variation of black and white colors. Continuous harmonic
moiré functions are well applicable for digital image
processing in computational environments [5, 13]:

M1 xð Þ ¼ 1

2
1þ cos

2p
l
x

� �� �
¼ cos2

p
l
x

� �
ð2:1Þ

where x is the longitudinal coordinate; M1 is grayscale
intensity of the surface at point x; l is the pitch of the

grating. Numerical value of 0 of the function in equation (2.1)
corresponds to black color; 1 corresponds to white color and
all intermediate values correspond to appropriate grayscale
levels.

The grating of one-dimensional structure in a deformed
state can be interpreted as follows

M2 xþ u xð Þð Þ ¼ M1 xð Þ ¼ cos2
p
l
x

� �
ð2:2Þ

where u(x) is in-plane deformation at point x. Clearly,
equation (2.2) is implicit. It would be tempting to express
M2 in an explicit form using transformation M2 xð Þ ¼
cos2 p

l x� u xð Þð Þ� �
, but this would lead to a crude mathe-

matical mistake (we will illustrate this error in Fig. 1).
Unfortunately the only possible way to produce an

explicit form of equation (2.2) is to solve the following
relationship (to express x as a function of z):

xþ u xð Þ ¼ z ð2:3Þ
which generally may not have a unique solution. If this
equation (2.3) can be solved, and the solution can be
expressed in the form x=v(z), then M2 can be expressed in
the explicit form:

M2 xð Þ ¼ M1 v xð Þð Þ ¼ cos2
p
l
v xð Þ

� �
: ð2:4Þ

But it is a quite common practice to describe the
deformed grating using incorrect explicit relationship:

M3 xð Þ ¼ M1 x� u xð Þð Þ ¼ cos2
p
l

x� u xð Þð Þ
� �

: ð2:5Þ

Fig. 1 One-dimensional
gratings M1(x), M2(x) and M3(x)
at u(x)=kx2 and λl=0.1; k=0.4

440 Exp Mech (2009) 49:439–450



A few examples can illustrate this tendency: [10] (eq. (4),
page 64); [5] (eq. (1.1), page 2); [14] (eq. (6), page 3); [15]
(eq. (2), page 297). In fact, the expression in equation (2.5)
is correct only when the field of deformation u(x) does not
depend on x (solid non-deformable body is deflected from
the state of equilibrium without being deformed). Then
u(x)=u; x=z−u, and M2(x)=M1(x−u). But this is not true in
the general case.

In order to illustrate this fact we assume that the one-
dimensional field of deformations is defined as u(x)=kx2,
where k is a constant. Clearly, the pitch of the deformed
grating should increase as x increases. Equation x+kx2=z
produces x ¼ �1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ 4kz
p� ��

2k. Thus, M2 xð Þ ¼
cos2

p �1 þ ffiffiffiffiffiffiffiffiffiffiffi
1 þ 4kx

pð Þ
2lk

� �
. Numerically reconstructed one-

dimensional gratings are presented in Fig. 1 and clearly
illustrate the incorrectness of formulation in equation (2.5).
It must be noted that the values of functions M1, M2 and M3

in Fig. 1 correspond not to the height of the surface but to
the grayscale levels of the surface which remains flat also in
the deformed state.

Particularly, when the deformation is a linear function
u(x)=kx, the deformed grating is M2 xð Þ ¼ cos2 p

l 1þkð Þ x
� �

,
not M3 xð Þ ¼ cos2 p 1�kð Þ

l x
� �

. Function M2 has a singular
point at k=−1. That is quite natural—one dimensional
structure is compressed into a single point at coordinate x=
0. The pitch of the deformed grating is l(1+k). When k=1
the pitch of the deformed grating becomes 2l. But function
M3(x)=1 at k=1. That is a consequence of incorrect
mathematical formulation of the problem.

Additive superposition [5] of the original and the
deformed gratings yields:

1
2 cos2 p

l x
� �þ cos2 p

l 1þkð Þ x
� �� �

¼ 1
2 þ 1

2 cos p
l � p

l 1þkð Þ
� �

x
� �

� cos p
l þ p

l 1þkð Þ
� �

x
� �

¼ 1
2 þ 1

2 cos pk
1þkð Þl x

� �
� cos 2þkð Þp

1þkð Þl x
� �

ð2:6Þ
and the well-known effect of beats is observed. The
envelope function of the beats is

E xð Þ ¼ 1

2
� 1

2
cos

pk
1þ kð Þl x

� �
: ð2:7Þ

Thus the centers of moiré fringes will be located at:

k

1þ k
x ¼ l

1

2
þ n

� �
; ð2:8Þ

where n∈Z. When k is small, k
1þk x � kx ¼ u xð Þ, and each

new moiré fringe indicates an increase or decrease of
specimen deformation by one grating pitch in the direction
perpendicular to the reference grating lines [4].

The requirement that the deformation must be a “slowly
varying function” is raised in [5] (page 2) not without a
purpose. Mathematically it means only one thing, that k is
small. Otherwise the interpretation of moiré fringes
becomes much more complicated. Similar simplifications
can be found in other publications [16] (eq. (20), page 157);
[17] (eq. (1), page 254); [18] (eq. (1), page 350). Incorrect
manipulations with shifted arguments (in style of M3)
prevent derivation of the exact relationship between the
fringe order and the magnitude of deformation at that point,
which is even more complex when u(x) is a nonlinear
function.

Time Average Geometric Moiré

Similar observations can be made for time average moiré. If
a solid non-deformable body oscillates around the state of
equilibrium without being deformed, then the deflection
from state of equilibrium does not depend on x:

u x; tð Þ ¼ u tð Þ ¼ a sin wt þ 8ð Þ; ð3:1Þ
where w is the cyclic frequency, φ is the phase and a is the
amplitude of oscillation. In that case the relationship in
equation (2.3) yields: x+a sin(wt+8 )=z. Thus, x=z−a sin
(wt+8 ), and time averaged grayscale intensity can be
expressed like [9, 13]:

M4 xð Þ ¼ lim
T!1

1

T

ZT
0

cos2
p
l

x� a sin wt þ 8ð Þð Þ
� �

dt

¼ 1

2
þ 1

2
cos

2p
l
x

� �
lim
T!1

1

T

ZT
0

exp i
2p
l
a sin t

� �
dt

¼ 1

2
þ 1

2
cos

2p
l
x

� �
J0

2p
l
a

� �
ð3:2Þ

where i is the imaginary unit; J0 is the 0th order Bessel
function of the first kind.

Then, the envelope function modulating the original
grating is

E að Þ ¼ 1

2
� 1

2
J0

2p
l
a

� �
: ð3:3Þ

The effect of formation of time averaged fringes at
increasing amplitude a is illustrated in Fig. 2. The pitch of
the grating is constant during the process of oscillation at
any a; the deflection from the state of equilibrium is
described by equation (3.1). Time averaged fringes can be
observed at such amplitudes ai, i=1,2,… where E(ai)=0.5,
or 2p

l ai ¼ ri, here ri denotes i-th root of the 0th order Bessel
function of the first kind.
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Unfortunately, when the deformation is sensitive to
coordinate x, for example when u(x, t)=u(x)sin(wt+8 ),

M5 xð Þ ¼ lim
T!1

1

T

ZT
0

M2 xþ u xð Þ sin wt þ 8ð Þð Þdt; ð3:4Þ

but

M5 xð Þ 6¼ 1

2
þ 1

2
cos

2p
l
x

� �
J0

2p
l
u xð Þ

� �
; ð3:5Þ

though such relationships as in equation (3.5) can be found
even in fundamental papers on time average geometric
moiré [5, 6].

As mentioned in the Introduction, the object of this
paper is to follow all analytical deductions as strictly as
possible in order to derive exact relationships governing the
formation of time average moiré fringes. In this paper we will
concentrate only on the simplified one-dimensional model
comprising of a linear field of oscillating deformations:

u x; tð Þ ¼ ax sin wt þ 8ð Þ: ð3:6Þ

Nevertheless, such linear assumption describes a wide
class of problems when one end of deformable body is
fixed and another end oscillates around its state of
equilibrium.

First of all, the instantaneous deformed moiré grating
must be expressed in explicit form. Luckily, solution of
equation (2.3) is easy when dynamic deflections are
described by equation (3.6). x+ax sin(wt+8 )=z yields
x ¼ z

1þa sin wtþ8ð Þ. Thus, instantaneous deformed grating can
be expressed then as:

M2 x; tð Þ ¼ cos2
p

l 1þ a sin wt þ 8ð Þð Þ x
� �

: ð3:7Þ

Then, time averaging yields:

M5 xð Þ ¼ lim
T!1

1

T

ZT
0

M2 x; tð Þdt

¼ 1

2
1þ 1

2p

Z 2p

0

cos
2px
l

� 1

1þ a sin t

� �
dt

0@ 1A:

ð3:8Þ

In other words, one could determine time averaged
grayscale intensity if the integral in equation (3.8) could be
calculated. Unfortunately, it cannot be expressed in a form
comprising ordinary functions.

Calculation of the Special Integral

The considered integral is:

I a; bð Þ ¼ 1

2p

Z 2p

0

cos
b

1þ a sin t

� �
dt; ð4:1Þ

where a, b∈R, |a|<1. The integrand can be expressed in a
power series:

cos
b

1þ a sin t

� �
¼
Xþ1

k¼0

�1ð Þk 1

1þ a sin t

� �2k b2k

2kð Þ!:

ð4:2Þ

Negative whole numbers factorial expansion [19] yields:

1þ a sin tð Þ�2k ¼
Xþ1

j¼0

�2k
j

� �
aj sin tð Þj; ð4:3Þ

where the binomial coefficients are expressed like:

�2k
j

� �
¼ �2kð Þ!

j! �2k � jð Þ! ¼
2k þ j� 1ð Þ! �1ð Þj

j! 2k � 1ð Þ! : ð4:4Þ

It can be noted that at k ¼ 0
0
0

� �
¼ 1 and

0
j

� �
� 0

at j=1,2,… .
Equation (4.4) holds true, as according to Riordan equality

[19], (−n)!=±∞; n=1,2,…, and m!
n! ¼ �1ð Þmþn �1�nð Þ!

�1�mð Þ!; m,
n=0,±1,±2,….

Fig. 2 Time averaged fringes at u(x, t)=a sin(ωwt+φ8 ); λl=πp /20

442 Exp Mech (2009) 49:439–450



Then, step by step integration yields:

I a; bð Þ ¼
Xþ1

j¼0

Xþ1

k¼0

�1ð Þk 2k � 1þ 2jð Þ!
2jð Þ! 2k � 1ð Þ! a

2j 2j� 1ð Þ!! b2k
2jð Þ!! 2kð Þ!

¼
Xþ1

k¼0

�1ð Þk b2k

2kð Þ!
� �

þ
Xþ1

j¼1

Xþ1

k¼1

�1ð Þk 2k þ 2j� 1ð Þ2j
b2k

2kð Þ!
a=2ð Þj
j!

� �2
 !

¼ cos b� b
Xþ1

j¼1

Xþ1

k¼0

�1ð Þk 2k þ 2j� 1ð Þ2j�1

b2kþ1

2k þ 1ð Þ!
a=2ð Þj
j!

� �2
 !

;

ð4:5Þ

where (m)n is an element of a factorial structure:

mð Þ0 :¼ 1; mð Þ1 :¼ m; mð Þn
¼ m m� 1ð Þ � � � m� nþ 1ð Þ;m 2 Z0; n 2 N:

ð4:6Þ

Let’s introduce the following notation:

S0 ¼ cos b;

Sj ¼ �b
Pþ1

k¼0
�1ð Þk 2k þ 2jþ 1ð Þ2 j�1

b2kþ1

2kþ1ð Þ!; j ¼ 1; 2::::

ð4:7Þ
Then, the integral can be expressed in the following

form:

I a; bð Þ ¼
Xþ1

j¼0

Sj

j!ð Þ2
a

2

� �2� �j

: ð4:8Þ

It is well known [20], that

J0 að Þ ¼ lim
T!1

1

T

Z T

0

exp ia sin tð Þdt

¼ 1

2p

Z 2p

0

cos a sin tð Þdt

¼
Xþ1

j¼0

�1ð Þj
j!ð Þ2

a

2

� �2� �j

: ð4:9Þ

Thus equation (4.8) can be considered as a generalization
of the 0th order Bessel function of the first kind where
alternating series (−1)j is changed by function series Sj.

We will show that Sj can be expressed in the following
form:

Sj ¼
X2j�1

r¼0

brþ1Aj;rþ1 cos bþ r
p
2

� �
; j ¼ 1; 2; . . . ; ð4:10Þ

where Aj,r+1 are real constants.

Algorithm for Determination of Constants Aj,r+ 1

When j is fixed, the multiplier (2k+2j+1)2j−1 in equation (4.7)
can be resolved in the following form:

2k þ 2jþ 1ð Þ2j�1¼
X2j�1

r¼0

Aj;rþ1 2k þ 1ð Þr: ð5:1Þ

Equation (5.1) holds true for all k∈R. In order to
simplify further transformations we introduce following
notations: p=2k+1 and xr=Aj,r. Then equation (5.1) takes
the form:

X2j
r¼1

pð Þr�1xr ¼ pþ 2jð Þ2j�1: ð5:2Þ

But (p)l=0 for all l>p; l∈N. Equation (5.2) produces a
linear system of 2j algebraic equations at p=0,1,2,…, (2j−1):

x1 ¼ 2jð Þ2j�1;

x1 þ x2 ¼ 1þ 2jð Þ2j�1;

� � �

x1 þ 2j� 1ð Þx2 þ � � � þ 2j� 1ð Þ!x2j ¼ 4j� 1ð Þ2j�1:

ð5:3Þ

System of equations (5.3) can be solved using conven-
tional linear algebra techniques, but the system matrix
becomes stiff at higher j. Thus the results produced by
non-symbolic solution techniques are contaminated with
inevitable rounding errors. Even symbolic solution tech-
niques encounter problems at large j when the system matrix
becomes almost singular.

Instead of using standard linear algebra techniques for
finding the solution, we will prove that:

x1 ¼ 2jð Þ2j�1;

x2 ¼ 1þ 2jð Þ2j�1 � 2jð Þ2j�1;

x3 ¼ 1
2 2þ 2jð Þ2j�1 � 2 1þ 2jð Þ2j�1 þ 2jð Þ2j�1

� �
;

� � �

xn ¼ 1
n�1ð Þ!

Pn�1

l¼0
�1ð Þl n� 1

l

� �
2jþ n� 1� lð Þ2j�1:

ð5:4Þ
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Proof First of all we will prove two equalities.

Pr
l¼0

r
l

� �
�1ð Þl lð Þn ¼

Pr
l¼n

r! �1ð Þl l!
r�lð Þ!l! l�nð Þ!

¼Pr
l¼n

r! �1ð Þl
r�lð Þ! l�nð Þ! ¼

Pr�n

j¼0

r! �1ð Þjþn

j! r�n�jð Þ! ¼

¼ Pr�n

j¼0

r! �1ð Þjþn r�nð Þ!
r�nð Þ!j! r�n�jð Þ! ¼ �1ð Þn rð Þn

Pr�n

j¼0

r � n
j

� �
�1ð Þj

¼ �1ð Þn rð Þn 1� 1ð Þr�n ¼ 0:

ð5:5Þ

(i) Equation (5.5) is valid for any n∈N.
(ii) The following equality holds true for all zk∈R:

Kr ¼ �1ð Þr�1

r�1ð Þ!
Plþ1

k¼1

r � 1
l

� �
�1ð Þl lð Þk�1zk

¼ �1ð Þr�1

r�1ð Þ!
Pr
k¼1

Pr�1

l¼k�1

r � 1
l

� �
�1ð Þl lð Þk�1

� �
zk

¼ �1ð Þr�1

r�1ð Þ!
Pr�1

k¼1

Pr�1

l¼k�1

r � 1
l

� �
�1ð Þl lð Þk�1

� �
zk þ �1ð Þr�1 r � 1ð Þ!zr

� �

¼ zr þ �1ð Þr�1

r�1ð Þ!
Pr�1

k¼1

Pr�1

l¼k�1

r � 1
l

� �
�1ð Þl lð Þk�1

� �
zk

¼ zr þ �1ð Þr�1

r�1ð Þ!
Pr�1

k¼1

Pr�1

l¼0

r � 1
l

� �
�1ð Þl lð Þk�1

� �
zk ¼ zr:

ð5:6Þ
Change of zk by xk in equation (5.6) yields Kr=xr. But,

equation (5.2) yields:

Xlþ1

r¼1

lð Þk�1xk ¼ l þ 2jð Þ2j�1: ð5:7Þ

On the other hand,

Kr ¼ �1ð Þr�1

r � 1ð Þ!
Xr�1

l¼0

�1ð Þl r � 1

l

� �
l þ 2jð Þ2j�1

¼ 1

r � 1ð Þ!
Xr�1

l¼0

r � 1

r � l � 1

� �
�1ð Þr�1�l l þ 2jð Þ2j�1:

ð5:8Þ

Keeping in mind, that (−1)l=(−1)−l and r− l−1=n,
equation (5.8) yields:

Kr ¼ 1

r � 1ð Þ!
Xr�1

n¼0

r � 1
n

� �
�1ð Þn 2jþ r � n� 1ð Þ2j�1;

ð5:9Þ
what results into the determination of xr, what finally leads
to:

Aj;rþ1 ¼ 1

r!

Xr
l¼0

�1ð Þl r
l

� �
2jþ r � 1ð Þ2j�1; ð5:10Þ

and that finalizes the proof. □
Some numerical values of coefficients Aj,r+1 are pre-

sented in Table 1.
Example.

S2 ¼ �b
Xþ1

k¼0

�1ð Þk 2k þ 5ð Þ3
b2kþ1

2k þ 1ð Þ!

¼
X3
r¼0

A2;rþ1b
rþ1 cos bþ r

p
2

� �
¼ �24b

Xþ1

k¼0

�1ð Þk b2kþ1

2k þ 1ð Þ! � 36b2
Xþ1

k¼0

�1ð Þk b2k

2kð Þ!

þ 12b3
Xþ1

k¼0

�1ð Þk b2kþ1

2k þ 1ð Þ!

þ b4
Xþ1

k¼0

�1ð Þk b2k

2kð Þ!:

ð5:11Þ
Coefficients Aj,r+1 grow fast when j and r increase. But

the term (j!)2 in the denominator of equation (4.8) grows
sufficiently fast. We will show that series in equation (4.8)
converges absolutely at all a,b∈R, |a|<1. It is clear that

1

2p

Z2p
0

1þ a sin tð Þ�2kdt <
1

2p

Z2p
0

1

1� aj jð Þ2k dt

¼ 1

1� aj j2k
� � ; k ¼ 0; 1; 2 . . . : ð5:12Þ

Table 1 Coefficients Aj,r+1

−1 0 1 2 3 4 5 r

0 1 0 0 0 0 0 0 …
1 0 2 1 0 0 0 0 …
2 0 24 36 12 1 0 0 …
3 0 720 1,800 1,200 300 30 1 …
J … … … … … … … Aj,r+1
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On the other hand,

1

2p

Z2p
0

1þ a sin tð Þ�2kdt ¼ 1þ
Xþ1

j¼1

2k þ 2j� 1ð Þ2j
22j j!ð Þ2 a2j:

ð5:13Þ

Thus,

1þ
Xþ1

j¼1

2k þ 2j� 1ð Þ2ja2j
22j j!ð Þ2 <

1

1� aj jð Þ2k ; ð5:14Þ

that leads to

1þ
Xþ1

k¼1

1þ
Xþ1

j¼1

2k þ 2j� 1ð Þ2ja2j
22j j!ð Þ2

 !
b2k

2kð Þ! < 1

þ
Xþ1

k¼1

1

1� aj jð Þ2k �
b2k

2kð Þ! ¼ cosh
b

1� aj j :
ð5:15Þ

Thus,

I a; bð Þj j < cosh
b

1� aj j : ð5:16Þ

It can be noted that equation (4.8) is exact (of course
when j=∞). In realistic computations j will be always finite,
and the result will be an approximation of the integral.

Computational Example

First of all we will observe how the series (4.8) converges
to M5(x) [equation (3.8)] as j increases. It is clear that:

M5 xð Þ ¼ 1

2
1þ I a;

2p
l
x

� �� �
; ð6:1Þ

where I(a, b) is defined by equation (4.1) and M5(x) is
defined by equation (3.4).

M5(x) can be also approximated using computational
techniques:

M5 xð Þ ¼ 1

2
1þ lim

k!1
1

k

Xk
j¼1

cos
2px
l

a sin
2p
k
j

� �� ��1
 ! !

:

ð6:2Þ

M5(x) is shown in Fig. 3 (at a=0.1 and l=p /20); here
solid line stands for the approximation based on the limit
sum [at k=1,000 in equation (6.2)]; dashed lines stand for
approximations based on equation (4.8) at j=1, j=5 and
j=10 accordingly. First two fringes can be clearly seen at
around x=0.6 and x=1.35.

Next, we will demonstrate the difference between the
pattern of time averaged fringes produced by equation (3.2)
and equation (3.4). We assume linear field of oscillating
deformations [as defined in equation (3.6)] and construct
one-dimensional time averaged image (M5(x) in Fig. 4) at
a=0.05; l=p /20 and L=9, where L is the length of one-

Fig. 3 Approximations of
M5(x) at a=0.1 and λl=πp /20
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dimensional structure in the state of equilibrium (the
background is white). We visualize an optical equivalent
of the one-dimensional function (0 value corresponds to
black color; 1—to white color) instead of plotting a line
graph. The left part of the structure is motionless; sharp
moiré grating lines can be seen there. The right side of the
structure experiences maximum cyclic deformation, and the
amplitude there is equal to aL=0.45.

Analogously, we construct a one-dimensional optical
image described by equation (3.5) (M4(x) in Fig. 4) in the
region 0≤x≤L(1−a). It is hard to notice any considerable

differences between those two images, therefore we
visualize the envelope function of M4(x) (determined by
equation (3.3) and labeled as E(a) in Fig. 4). Also, one-
dimensional line graphs of M5(x) (solid line) and M4(x)
(dotted line) are plotted in the last section of Fig. 4(a). One
can notice small differences between these two lines at the
right side of the drawing.

The differences between M5(x) and M4(x) are much more
apparent at a higher amplitude a (Fig. 5) where the length
of the structure in the state of equilibrium is L=7 and the
amplitude at the right end is aL=2.1.

Fig. 4 Comparisons between
M5(x) and M4(x) at λl=πp /20;
a=0.05 and L=9

Fig. 5 Comparisons between
M5(x) and M4(x) at λl=πp /10;
a=0.3 and L=7
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Inverse Problem of Fringe Interpretation

In general, interpretation of experimental results produced
by optical fringe-based whole-field non-destructive analysis
techniques comprises two basic steps. The first one is the
enumeration of fringes. This can be performed manually or
exploiting automatic or semi-automatic fringe counting
techniques [4]. The second step is an inverse problem
which is solvable if and only a relationship between the
fringe number and the magnitude of the measured physical
quantity is known. Theoretical foundation of all fringe-
based experimental techniques is based on the fact that
fringe centre lines serve as isolines of the measured
quantity. Then computational routines can be exploited for
numerical reconstruction of three-dimensional maps of that
quantity.

We will show that fringes produced by time average
moiré, in general, do not represent a pattern of isolines of
amplitude if only dynamic deformations are assumed. This
fact is rather surprising as time average geometric moiré is
considered a well-established optical experimental technique
with numerous practical applications.

First of all we construct a time averaged image similar to
the image constructed in Fig. 2. The difference now is that we
consider dynamic deformations described by equation (3.6).
Amplitude of oscillation varies along horizontal y-axis in
Fig. 6. The length of one-dimensional system in the state of
equilibrium is equal to 5 (for all y). The amplitude of
oscillation of any point around the state of equilibrium (in
the area 0≤x≤5; 0≤y<1) is determined by the following
relationship:

a x; yð Þ ¼ 1

5
xy: ð7:1Þ

The amplitude is zero at y=0, and one can see the moiré
grating clearly at the left side of Fig. 6. At larger y the

grating lines become blurred due to time averaging and
overlap with moiré fringes. At y=1 the one-dimensional
system is compressed into a point and extended up to the
double equilibrium length for every period of oscillation.

The shape of time averaged moiré fringes in Fig. 6
appears to be hyperbolic. If the formation of time averaged
moiré fringes would be governed by equation (3.2), then
the fringes would be shaped as hyperbolas. It follows from
equation (3.3) that the centerlines of the fringes must be
located at such points where the amplitude is such that the
argument of the 0th order Bessel function coincides with its
root. In other words, the equation for the i-th time averaged
fringe can be deduced from the equality

2p
l
a x; yð Þ ¼ ri; ð7:2Þ

where ri is the i-th root of 0th order Bessel function of the
first kind. Equation (7.1) yields:

x ¼ 5ril
2py

: ð7:3Þ

We will show that the centerlines of time averaged
fringes in Fig. 6 are not hyperbolas. We will use moiré
gratings with variable pitch for that purpose. We will select
such relationship between l and y that hyperbolas in Fig. 6
would be mapped into an array of straight horizontal lines.

Let’s assume that points (y1, x1) and (y2, x2) belong to the
i-th hyperbola. Then, from equation (7.3) it follows that
xk ¼ 5ril

2pyk
; k=1,2. We fix l at y1 but change the pitch at y2 in

such a way that x2 should be equal to x1:el ¼ y2
y1

l; ð7:4Þ

where el is the pitch at y2.
The transformed static moiré grating (at fixed y1=0.05)

is shown in Fig. 7. It is clear that lim
y2!0

el ¼ 0. Aliasing

effects can be seen in the left side of Fig. 7. These effects
are due to the limited number of sampling points (pixels)
used to visualize moiré gratings with extremely small pitch.

As mentioned previously, such a grating with variable
pitch would map a pattern of time averaged fringes (if only
their centerlines are hyperbolas) into an array of parallel
horizontal fringes. We will illustrate this effect assuming
that the formation of time averaged fringes is governed by
equation (3.2):

M4 x; y;el� �
¼ 1

2
þ 1

2
cos

2pel x

� �
J0

2p

5el xy
� �

: ð7:5Þ

Numerically produced fictitious pattern of time averaged
fringes is presented in Fig. 8(a). Grayscale intensity at the
centerlines of the fringes is equal to 0.5; digital contrast
enhancement techniques [21] help to highlight the fringes
[Fig. 8(b)].Fig. 6 Time averaged image at L=5; λl=πp /20; a=y
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Figure 8(b) is a clear illustration that if the formation of
time averaged fringes would be governed by equation (3.2),
time average geometric moiré could be considered as a
classical optical experimental technique because time

averaged fringes would represent isolines of amplitudes.
Unfortunately, the situation is different as the formation of
time averaged fringes is governed by equation (3.8) instead.
The mapped pattern of time averaged fringes is shown in
Fig. 9(a); filtered and highlighted fringes—in Fig. 9(b).

It can be seen that time averaged fringes do not form an
array of parallel horizontal lines in Fig. 9(a). One should
not be confused by thick black fringes at the right side of
Fig. 9(a). It can be seen that the density of those fringes in
Fig. 7 is almost double compared to Fig. 9(a). Actually, the
same effect is observed in Fig. 6 where the density of time-
averaged fringes at the right boundary is almost double
compared to the density of grating lines at the left
boundary. This effect can be explained exploiting termi-
nology sometimes used by optical engineers whenever time
averaging techniques are applied for harmonic oscillations
[22]: oscillating structure “stays for the longest periods of
time at the positions of extreme deflections from the state of
equilibrium”. Of course, exact formation of time average

Fig. 7 Static moiré grating with variable pitch at y1=0.05

Fig. 8 Fictitious pattern of time averaged fringes: (a) image without
filtering; (b) filtered digital image

Fig. 9 Pattern of time averaged fringes generated by moiré grating
with variable pitch: (a) image without filtering; (b) filtered digital
image
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geometric moiré fringes is governed by equation (3.8), but
such an engineering approach can explain the before-
mentioned effect. At a=1 elastic one-dimensional system
is compressed into a point and extended up to its double
length in every period of harmonic oscillations. No
instantaneous fringes are generated when the system is
compressed into a point. But instantaneous pitch at the
moment when the system is doubly extended is double
compared to the pitch in the state of equilibrium. This effect
can be observed both in Figs. 6 and 9(a).

The density of fringes at the right boundary in Fig. 9(b)
is again double compared to Fig. 9(a), but that is due to the
application of contrast enhancement technique which maps
middle grayscale levels to black and all other grayscale
levels to white. Therefore every dark fringe in Fig. 9(a) is
represented by two dark fringes in Fig. 9(b). Usually such
parasitic fringes are wiped out from the digital image by the
help of pixel based morphological operations [21], but we did
not apply these techniques because the thickness of consti-
tutive grating lines is variable in our computational set-up.

Time averaged moiré fringes can be clearly observed at
the left part of the digital image in Fig. 9(b). The fact that
these fringes are not horizontal has only one meaning—the
relationship between the fringe order and the amplitude of
oscillation is implicit and depends from the amplitude itself. In
other words, in order to know what is the amplitude of
oscillation at the centerline of the i-th fringe, one must know
the magnitude of that amplitude in advance. That betrays the
fundamental principle of optical whole field fringe based
experimental techniques—pattern of fringes produced by
time averaged geometric moiré cannot be used for identifi-
cation of the magnitude of the measured quantity. That is a
rather astonishing and depressing fact keeping in mind that
time average geometric moiré is considered as a classical and
well established experimental method.

Anyway, the amplitude of oscillations in realistic
physical experiments usually is comparatively small.
Elastic objects are rarely compressed to a half of their
length in a period of oscillation (what corresponds to a=
0.5). The pattern of fringes in Figs. 8(b) and 9(b) almost
coincide in the region where the relative amplitude of
oscillations it not larger than 0.1. Therefore equation (7.2)
can be used for approximate estimation of amplitudes in
this region. Of course, one must have in mind that the
inverse problem gets much more complicated when the
amplitude of oscillation becomes higher.

Concluding Remarks

Time average geometric moiré is a classical optical
experimental technique exploited in different engineering
applications. Surprisingly, the theoretical basis of the

inverse problem for this technique was based on the
assumption that either the pitch of the moiré grating does
not vary in time, or this variation is very slow.

We tried to focus our attention on the derivation of the
relationships governing the formation of time averaged
fringes as strictly as possible. Produced results were rather
unexpected. Classical relationship between the fringe order
and the amplitude of oscillation holds true when non
deformable bodies oscillate around the state of equilibrium.
But this relationship becomes implicit when a deformable
body is considered. In such situations in-plane time average
geometric moiré is applicable only for small oscillations.
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