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Inverse and direct balancing methods for the construction of kink solitary solutions 
to generalized Riccati equations with polynomial coefficients are presented in this 
paper. Necessary and sufficient conditions for the existence of kink solitary solutions 
are derived in terms of the equation’s parameters and initial conditions. The 
proposed technique enables a straightforward derivation of parameters of solitary 
solutions. Computational experiments are used to demonstrate the efficiency of the 
proposed analytical approach.
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1. Introduction

The Riccati differential equation

y′x = a2(x)y2 + a1(x)y + a0(x), (1)

where a0 �= 0, a1 and a2 �= 0 are arbitrary functions, is one of the most important equations in mathematical 
physics [4,23,28]. Though first defined in the 18th century [29], the Riccati equation remains one the foremost 
problems in differential equations research today (because it cannot be solved in quadratures [10]).

A number of novel methods have been developed in recent years to construct solutions to (1). Solutions to 
Riccati equations with constant and variable coefficients are obtained using the iterative reproducing kernel 
Hilbert spaces method in [30]. The number of polynomial solutions to the Riccati equation with polynomial 
coefficients is considered in [8].

The operation matrix method based on Bernstein polynomials is used to construct numerical solutions 
to the Riccati equation in [26]. The partial fraction decomposition is used to obtain rational solutions to 
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quadratic Riccati equations with rational coefficients in [7]. Quarternionic Riccati equations are applied to 
study quarternionic Schrödinger equations in (1 + 1) dimensions [6].

There exists a number of generalizations of the classical Riccati equation. Boundary problems on the 
matrix Riccati differential equation are considered in [13]. The integrability of Abel differential equations

y′x = a3(x)y3 + a2(x)y2 + a1(x)y + a0(x), (2)

where ak(x), k = 0, . . . , 3 are meromorphic functions is studied in [9]. Implicit solutions to (2) are constructed 
using transformations of known cases of solvable Abel equations in [16]. Yamaleev considers generalized 
Riccati equations of the form [32]:

y′x = an(x)yn + · · · + a1(x)y + a0(x), n ∈ N. (3)

Special cases of equation (3) (sometimes also called the generalized Abel equation) have been considered in 
literature. Discussions on (3) in the case n = 3 can be found in [14,24]. The case of T -periodic coefficients 
is considered in [2]. An estimate of the number of limit cycles in (3) is given in [1]. The number of periodic 
solutions to (3) is studied in [25].

The main objective of this paper is to provide an analytical framework for the construction of solutions

y = α1x− α0

β1x− β0
, α1, α0, β1, β0 ∈ R; (4)

to (3) in the following special case: (
r∑

k=0

bkx
k

)
y(m)
x =

n∑
l=0

aly
l, (5)

where bk, al ∈ R; k = 0, . . . , r; l = 0, . . . , n. The objective of this paper is to derive conditions of existence 
for (4) in (5) in terms of the equation and the solution parameters.

2. Preliminaries and motivation

It is well known that the Riccati equation with constant coefficients

u′
z = a2u

2 + a1u + a0, u (z0) = u0; a2, a1, a0 ∈ R, (6)

admits only kink solitary solutions of the following form [19,27]:

u = u2
exp (a2 (u1 − u2) (z − z0)) − u1(u0−u2)

u2(u0−u1)

exp (a2 (u1 − u2) (z − z0)) − u0−u2
u0−u1

, (7)

where u1, u2 are roots of the polynomial a2u
2 + a1u + a0.

However, kink solitary solutions can have analytical expressions that are different from (7), while still 
satisfying equations that are similar in form to (6). The analytic expression of kink solitary solutions can 
be written more generally as:

u = α1f(z) − α0

β1f(z) − β0
; α1, α0, β1, β0 ∈ R, α1β0 − α0β1 �= 0, (8)

where f(z) is an arbitrary invertible analytic function. It is clear that (8) is a generalization of (7). Based 
on the well-known Exp-function method [3,18], the following substitution can be introduced:
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x = 1
η

ln z, z = exp (ηx) ; η �= 0. (9)

Denoting y = y(x) = u (exp (ηx)) transforms (8) into

y = α1x− α0

β1x− β0
. (10)

It is known from numerous previous research [12,20,22,27,31] that (10) does satisfy the differential equation

xy′x = c2y
2 + c1y + c0, y (x0) = y0; c2, c1, c0 ∈ R. (11)

Thus it can be concluded that the equation (11) is a generalized form of (6) and in turn can be used to 
generate numerous kink solitary solutions.

However, substitution (9) is not the only option that generates kink solitary solutions – this is demon-
strated in Example 2.1.

Example 2.1. Let us consider the following differential equation:

3xy′x = 2y2 − y − 1, y (x0) = y0. (12)

The general solution to (12) reads:

y = −1
2

x + 2x0
y0 + 1/2
y0 − 1

x− x0
y0 + 1/2
y0 − 1

. (13)

A number of kink solitary solutions can be constructed from (13).
Exponential kink solitary solution. Applying the substitution

x = exp (ηz) , z = 1
η

ln x; η ∈ R, (14)

yields the solitary solution:

u = u(z) = y (exp (ηz)) = −1
2

exp (η (z − z0)) + u0+1/2
u0−1

exp (η (z − z0)) − u0+1/2
u0−1

, (15)

which satisfies the Riccati equation:

u′
z = 2η

3 (u− 1)
(
u + 1

2

)
, u(z0) = u0. (16)

Radical kink solitary solution. The solution and equation pair (equations (13), (12)) can be used to obtain 
solitary solutions that are different from the traditional form (7). Applying the substitution

x =
√

6z − 1, z = x2 + 1
6 , (17)

yields the solitary solution:
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u = u(z) = y
(√

6z − 1
)

=

√
6z−1
6z0−1 + 2u0+1/2

u0−1√
6z−1
6z0−1 − u0+1/2

u0−1

, (18)

which satisfies the generalized Riccati equation:

(6z − 1)u′
z = 2 (u− 1)

(
u + 1

2

)
, u(z0) = u0. (19)

The above example demonstrates that the construction of solutions to (11) allows to consider a wide 
range of kink solitary solutions in a variety of generalized Riccati equations.

In the remainder of this paper, the following general case of (11) is considered:

(
r∑

k=0

bkx
k

)
y(m)
x =

n∑
l=0

aly
l; r,m, n ∈ Z0, an = 1, br �= 0. (20)

Conditions for the existence of kink solitary solutions (10) to (20) are derived in the subsequent sections.

3. Inverse balancing – necessary existence conditions

Inverse balancing method has been successfully used to determine if a given differential equation can 
accept solitary solutions [15,22]. The method is based on the assumption that the parameters of solution 
(10) are given and the parameters of differential equation (20) are unknown. The solution is inserted into 
the differential equation and a system of linear equations for the determination of the equation’s parameters 
is constructed. The conditions under which the linear system accepts nontrivial solutions coincide with the 
necessary conditions for existence of solution (10) in (20).

3.1. Balancing the order of equation, coefficients and the nonlinearity

The orders of the equation (20) (m), the coefficients (r) and the nonlinear terms (n) must be balanced 
if (10) is to be a solution to (20). Using the inverse balancing method, it is assumed that the parameters 
of the solution α1, α0, β1, β0 are given and the parameters of the equation m, r, n, b0, . . . , br, a0, . . . , an are 
unknown.

Note that the jth derivative of (10) reads:

y(j)
x = (−1)j j!Θβj−1

1

(β1x− β0)j+1 , j = 1, . . . (21)

where Θ = α1β0 − α0β1 �= 0. Inserting the expressions (10) and (21) into (20) yields:

(−1)m m!Θβm−1

(β1x− β0)m+1

(
r∑

k=0

bkx
k

)
= 1

(β1x− β0)n
n∑

l=0

al (α1 − a0)l (β1x− β0)n−l
. (22)

Equation (22) can hold for all x ∈ R only if the degrees of the numerators and denominators on both sides 
are equal. This can only be true for an �= 0 when n = m + 1. Furthermore, because br �= 0, the condition 
0 ≤ r ≤ m + 1 must be satisfied – or else the condition br+1 = · · · = bm+2 = 0 must hold. Thus, from the 
structure of (22) it can be concluded that the following balancing conditions are necessary to ensure the 
existence of nontrivial solutions of form (10) to (20):
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n = m + 1; (23)

0 ≤ r ≤ m + 1. (24)

Balancing conditions (23), (24) indicate that (20) can admit the kink solitary solution (10) if it is has the 
following form: (

r∑
k=0

bkx
k

)
y(m)
x =

m+1∑
l=0

aly
l; m ∈ N, 0 ≤ r ≤ m + 1. (25)

3.2. Determination of the equation’s coefficients from the solution parameters

Let the conditions (23) and (24) do hold. Multiplying both sides of (22) by (β1x− β0)m+1 results in:(
r∑

k=0

bkx
k

)
(−1)m m!Θβm−1

1 =
m+1∑
l=0

al (α1x− α0)l (β1x− β0)m−l+1
. (26)

Using (26), the following system of m + 2 linear equations with respect to the coefficients b0, . . . , br,
a0, . . . , am+1 can be constructed:

dj

dxj

((
r∑

k=0

bkx
k

)
(−1)m m!Θβm−1

1 −
m+1∑
l=0

al (α1x− α0)l (β1x− β0)m−l+1

)∣∣∣∣
x=0

= 0, (27)

where j = 0, 1, . . . , m +1. Because the system has m +1 linear equations and 2m +1 unknowns, depending on 
the rank of the system’s matrix, some parameters can be chosen freely and the others computed from (27).

Example 3.1. Let us consider the following differential equation:(
b2x

2 + b1x + b0
)
y′x = y2 + a1y + a0. (28)

Note m = 1, n = r = 2, thus the balancing conditions (23), (24) are satisfied. Assuming that the parameters 
α1, α0, β1, β0 of the solution (10) are known, inserting (10) into (28) and simplifying yields a special case 
of the linear system (27):

(
−2β2

1a0 − 2α1β1a1 − 2Θb2 − 2α2
1
)
x2 +

(
2β0β1a0 + (α0β1 + α1β0) a1

− Θb1 + 2α0α1
)
x− β2

0a0 − α0β0a1 − Θb0 − α2
0 = 0.

(29)

Thus (29) yields the linear system with respect to a0, a1, b0, b1, b2:

− 2β2
1a0 − 2α1β1a1 − 2Θb2 − 2α2

1 = 0;

2β0β1a0 + (α0β1 + α1β0) a1 − Θb1 + 2α0α1 = 0;

− β2
0a0 − α0β0a1 − Θb0 − α2

0 = 0.

(30)

Letting a0, a1 be free parameters, the solution for b0, b1, b2 reads:

b0 = − 1
Θ

(
a0β

2
0 + a1α0β0 + α2

0
)
, b2 = − 1

Θ
(
a0β

2
1 + a1α1β1 + α2

1
)
;

b1 = 1 (2a0β0β1 + a1α0β1 + a1α1β0 + 2α0α1) , a0, a1 ∈ R.

(31)
Θ
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The solution (31) demonstrates the infinite set of differential equations that admit the kink solitary solu-
tion (10). Note that while the equations with coefficients determined by (31) do admit the solutions (10), 
the inverse balancing method does not give an algorithm for the construction of a solution for a given 
equation (28). This problem is addressed in the subsequent sections.

4. Direct balancing – construction of kink solitary solutions

Direct balancing is a technique used to compute the parameters of the kink solitary solution (10) by 
inserting it into the differential equation (20) and solving for the solution parameters. Note that this method 
can only be applied when the resulting equations are linear with respect to the solution parameters α1, α0, 
β1, β0. While there are a number of ansatz-based methods used in a similar way, they have been heavily 
criticized for yielding incorrect solutions precisely because the equations for the solution are nonlinear and 
their complete solutions often cannot be obtained [3,11,12,17,20].

4.1. Parameter equations for the kink solitary solution

The generalized Riccati equation (25) can be rewritten in the following form:

br

r∏
k=1

(x− xk) y(m)
x =

m+1∏
l=1

(y − yl) , (32)

where 0 ≤ r ≤ m +1, br �= 0; xk, k = 1, . . . , r and yl, l = 1, . . . , m +1 are the roots of polynomials 
∑r

k=0 brx
k

and 
∑m+1

l=0 aly
l respectively.

Inserting (10) and (21) into (32) yields:

br

r∏
k=1

(x− xk)
(−1)m m!Θβm−1

1

(β1x− β0)m+1 =
m+1∏
l=1

(
α1x− α0

β1x− β0
− yl

)
. (33)

Canceling like terms results in:

br (−1)m m!Θβm−1
1

r∏
k=1

(x− xk) =
m+1∏
l=1

((α1 − ylβ1)x− (α0 − ylβ0)) . (34)

Let us consider any (m + 1)st order permutation τ ∈ Sm+1:

τ :=
(

1 2 . . . m + 1
τ(1) τ(2) . . . τ(m + 1)

)
. (35)

In the remainder of the text, the shorter notation τ := (τ(1), . . . , τ(m + 1)) will be used.
Note that r ≤ m, thus r terms from the right side of (34) with indices τ(1), . . . , τ(r) can be chosen and 

(34) is rearranged as follows:

br (−1)m m!Θβm−1
1

r∏
k=1

(x− xk) =
(

r∏
l=1

(
α1 − yτ(l)β1

))(
r∏

l=1

(
x−

α0 − yτ(l)β0

α1 − yτ(l)β1

))

×

⎛⎝ m+1∏ ((
α1 − yτ(j)β1

)
x−

(
α0 − yτ(j)β0

))⎞⎠ .

(36)
j=r+1
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By considering the coefficients on the left and right side of (36), it can concluded that (10) satisfies (32) if 
the following system of equations holds true:

xk =
α0 − yτ(k)β0

α1 − yτ(k)β1
, k = 1, . . . , r; (37)

α1 − yτ(j)β1 = 0, j = r + 1, . . . ,m + 1; (38)

br (−1)m m!Θβm−1
1 = (−1)m−r+1

(
r+1∏
l=1

(
α1 − yτ(l)β1

))⎛⎝ m+1∏
j=r+1

(
α0 − yτ(j)β0

)⎞⎠ . (39)

Rearranging (37) and (38) yields m + 1 linear equations with respect to α1, α0, β1, β0:

xkα1 − α0 − xkyτ(k)β1 + yτ(k)β0 = 0, k = 1, . . . , r; (40)

α1 − yτ(l)β1 = 0, l = r + 1, . . . ,m + 1. (41)

The coefficient br must satisfy equation (39) if (10) satisfies (32). Equation (39) can be rearranged in the 
following form:

br = (−1)1−r

m!Θβm−1
1

(
r∏

l=1

(
α1 − yτ(l)β1

))⎛⎝ m+1∏
j=r+1

(
α0 − yτ(j)β0

)⎞⎠ . (42)

Note that (42) should not be used to determine the solution coefficients α1, α0, β1, β0. Instead, the validity 
of equation (42) must be tested after obtaining the parameters of the solution.

4.2. Necessary and sufficient existence conditions

Equations (40) and (41) define (m +1)! linear systems that depend on the chosen permutation τ ∈ Sm+1. 
The systems can be written in the matrix form:

A (τ)p(τ) = 0, (43)

where

A (τ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x1 −1 −x1yτ(1) yτ(1)
...

...
...

...
xr −1 −xryτ(r) yτ(r)
1 0 −yτ(r+1) 0
...

...
...

...
1 0 −yτ(m+1) 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
; (44)

and

p(τ) = [α1(τ) α0(τ) β1(τ) β0(τ)]T . (45)

The solution parameters depend on τ indirectly – they are different for different permutations τ in the 
general case.

Theorem 4.1. The generalized Riccati equation (5) admits the solution (10) if and only if (23), (24), (42)
hold true and A (τ) satisfies:

rank (A (τ)) < 4. (46)
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Proof. The balancing conditions (23), (24) ensure the necessity.
If (42) holds true, the structure of matrix A (τ) implies that (43) has nontrivial solutions only if (46)

holds. Thus (42) and (46) are sufficient existence conditions. �
4.3. Initial conditions for solitary solutions

If the conditions of Theorem 4.1 are satisfied, solutions to (5) of the form (10) do exist. However, they 
do not hold true for all initial conditions. Let us consider the initial conditions for (5) of order m:

y (x0) = y0; (47)

y(k)
x

∣∣∣∣
x=x0

= y
(k)
0 ; k = 1, 2, . . . ,m. (48)

When (10) satisfies the initial conditions (47) and (48), x0 can be expressed as:

x0 = α0 − β0y0

α1 − β1y0
. (49)

Equation (21) together with (48) and (49) yields:

y
(k)
0 = −k!βk−1

1
Θk

(α1 − β0y0)k+1
. (50)

The initial conditions must satisfy (49) and (50) if (10) is a solution to the initial value problem on (5).

5. Computational experiments

5.1. The Abel equation of the first kind

Let us consider the following generalized Riccati equation:

b3 (x− 1)2 (x + 1) y′′xx = (y − 1)2 (y + 1) , y (x0) = y0, y′
∣∣∣∣
x=x0

= y′0; b3 ∈ R. (51)

Because r = 3, m = 2, n = 3, equation (51) satisfies balancing conditions (23), (24).
Let us denote x1 = x2 = 1, x3 = −1 and y1 = y2 = 1, y3 = −1. For any permutation τ ∈ S3, matrix (44)

reads:

A (τ) =
[ 1 −1 −yτ(1) yτ(1)

1 −1 −yτ(2) yτ(2)
−1 −1 yτ(3) yτ(3)

]
. (52)

Case 1. Let τ = (1, 2, 3) or τ = (2, 1, 3). Then rank (A (τ)) = 2 and condition (46) is satisfied. The solution 
to (43) reads:

α1 = −β0, α0 = −β1, β0, β1 ∈ R. (53)

Parameters (53) yield the solitary solution:

y = β1 − β0x
. (54)
β1x− β0
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Fig. 1. Solitary solution (54) to (51) with β0 = −1, β1 = 5. The dashed line denotes the singularity of the solution at x = −5.

However, (54) satisfies (51) only if b3 satisfies (42):

b3 = β1 + β0

2β1
. (55)

Thus (54) is a solution to

β1 + β0

2β1
(x− 1)2 (x + 1) y′′xx = (y − 1)2 (y + 1) , y (x0) = y0, y′

∣∣∣∣
x=x0

= y′0, (56)

where β0, β1 ∈ R. The solution (54) is depicted in Fig. 1.
Note that solution (54) does not hold for all initial conditions x0, y0, y′0. The initial conditions of (56)
yield:

y0 = β1 − β0x0

β1x0 − β0
, y′0 = β2

0 − β2
1

(β1x0 − β0)2
. (57)

Eliminating x0 from (57) as

x0 = β0y0 + β1

β1y0 + β0
, (58)

results in the initial condition constraint:

y′0 = (β1y0 + β0)2

β2
0 − β2

1
. (59)

The initial condition constraint (59) can be verified by means of a computational experiment. Using 
a time-forward constant-step numerical ODE integrator, approximate solutions to (56) with initial 
conditions x0, y0, y′0 can be constructed. Let us denote the approximate solution to (56) obtained by 
the classical RK4 method [5] as ŷ (x;x0, y0, y

′
0). The difference between the numerical solution ŷ and 

(54) can be defined as:

Δ (y0, y
′
0) =

N∑
j=1

|y (jh;x0, y0, y
′
0) − ŷ (jh;x0, y0, y

′
0)| , (60)

where N is the number of time-forward steps; h is the stepsize and x0 satisfies (58).
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Fig. 2. The difference Δ 
(
y0, y

′
0
)

for β0 = 5, β1 = −1 as 1 ≤ y0 ≤ 9 and −0.4 ≤ y′
0 ≤ 1.2. The step-size h = 0.01; the difference is 

estimated over N = 50 time-forward steps. Values higher than 3 have been truncated to 3 for clarity.

The plot of Δ for (56) is depicted in Fig. 2. Note that Δ is almost equal to zero on the parabola defined 
by the constraint (59).

Case 2. If τ �= (1, 2, 3) , (2, 1, 3) then rank (A (τ)) = 1 and condition (46) is satisfied. In this case the solution 
to (43) reads:

α0 = α1 = β0 = β1. (61)

However, Θ = 0 and (42) is invalid. In this case, the trivial non-solitary solutions y = 1, y = −1 are 
admitted for any b3 ∈ R.

5.2. Third order generalized Riccati equation

Let us consider the following third-order generalized Riccati equation:

b3
(
x4 − x3 − 22x2 + 16x + 96

)
y′′′xxx = y4 + 159

41 y3 − 794
41 y2 − 1776

41 y − 864
41 , (62)

where b3 ∈ R. The initial conditions read:

y (x0) = y0, y′x

∣∣∣∣
x=x0

= y′0, y′′xx

∣∣∣∣
x=x0

= y′′0 ; x0, y0, y
′
0, y

′′
0 ∈ R. (63)

Note that r = 4, m = 3, n = 4, thus (62) satisfies the necessary solitary solution existence conditions 
(23), (24).

Equation (62) can be rewritten as:

b3 (x− 4) (x + 4) (x + 2) (x− 3) y′′′xxx = (y − 4)
(
y + 36

41

)
(y + 1) (y + 6) . (64)

The roots xk, yk, k = 1, . . . , 4 are enumerated as follows:

x1 = 4, x2 = −4, x3 = −2, x4 = 3; (65)

y1 = 4, y2 = −36
41 , y3 = −1, y4 = −6. (66)
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For any permutation τ ∈ S4, matrix (44) reads:

A (τ) =

⎡⎢⎣ 4 −1 4yτ(1) yτ(1)
−4 −1 −4yτ(2) yτ(2)
−2 −1 −2yτ(3) yτ(3)
3 −1 3yτ(4) yτ(4)

⎤⎥⎦ . (67)

The four cases of τ ∈ S4 that result in nontrivial solutions to (45) and thus yield kink solitary solutions are 
given below.

Case 1. The permutation τ1 = (1, 2, 3, 4) yields that rank (A (τ1)) = 3. The solution to (45) reads:

α1 = − 6
11β1, α0 = −48

11β1, β0 = 38
11β1; β1 ∈ R. (68)

The parameters (68) correspond to the solution

y = 6 (8 − x)
11x− 38 , (69)

which satisfies (62) if the coefficient b3 satisfies (42):

b3 = 1250
4961 . (70)

The solution (69) is pictured in Fig. 3.
It can be observed that initial conditions (63) are satisfied when x0 is eliminated as:

x0 = 2 (19y0 + 24)
11y0 + 6 , (71)

and the following constraints hold true:

y′0 = − 1
300 (11y0 + 6)2 ; (72)

y′′0 = 11
45000 (11y0 + 6)3 . (73)

To verify (71)–(73), the numerical experiment described in the previous subsection is used. The difference 
between (69) and the numerical solution to (62) is defined as:

Δk

(
y0, y

(k)
0

)
=

N∑
j=1

|y (jh;x0, y0, y
′
0, y

′′
0 ) − ŷ (jh;x0, y0, y

′
0, y

′′
0 )| , k = 1, 2. (74)

The plots of Δ1, Δ2 are pictured in Fig. 4. Note that the difference between the numerical solution and 
(69) are almost equal to zero on the curves defined by (72), (73).

Case 2. Let τ2 = (2, 1, 4, 3). Then rank (A (τ2)) = 3 and the solution parameters read:

α0 = −32α1, β1 = −6α1, β0 = 17α1; α1 ∈ R. (75)
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Fig. 3. Solitary solution (69) to (62) for b3 = 1250
4961 . The dashed line denotes the singularity of the solution at x = 38

11 .

The solitary solution reads:

y = − x + 32
6x + 17 . (76)

The function (76) is a solution to (62) only if:

b3 = −4375
8856 . (77)

If (76) is a solution to (62), then the initial conditions must satisfy the following constraints:

x0 = −17y0 + 32
6y0 + 1 , (78)

and

y′0 = 1
175 (6y0 + 1)2 ; (79)

y′′0 = 12
30625 (6y0 + 1)3 . (80)

Case 3. The permutation τ3 = (3, 4, 1, 2) results in rank (A (τ3)) = 3 and yields the parameters:

α0 = 0, β1 = − 7
12α1, β0 = 5

3α1; α1 ∈ R. (81)

The solution that corresponds to (81) reads:

y = − 12x
7x + 20 , (82)

and satisfies (62) only if:

b3 = 1000
2009 . (83)

The initial conditions (63) must satisfy the relation

x0 = − 20y0
, (84)
7y0 + 12
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Fig. 4. The difference Δ1
(
y0, y

′
0
)

(part (a)); the difference Δ2
(
y0, y

′′
0
)

(part (b)) for −3 ≤ y0 ≤ 2, −2.5 ≤ y′
0 ≤ 1, −5 ≤ y′′

0 ≤ 5. In 
(a), x0 and y′′

0 satisfy (71) and (73) respectively. In (b), x0 and y′
0 satisfy (71) and (72). The step-size h = 0.01; the difference is 

estimated over N = 50 time-forward steps. Values higher than 5 and 7 have been truncated to 5 and 7 in (a) and (b) respectively.

as well as:

y′0 = − 1
240 (7y0 + 12)2 ; (85)

y′′0 = 7
28800 (7y0 + 12)3 . (86)

Case 4. Letting τ4 = (4, 3, 2, 1) results in rank (A (τ4)) = 3 and the parameters:

α1 = −4
3β1, α0 = −32

15β1, β0 = 52
15β1; β1 ∈ R. (87)

The parameters (87) yield the solution:



Z. Navickas et al. / J. Math. Anal. Appl. 448 (2017) 156–170 169
y = 4 (8 − 5x)
15x− 52

, (88)

which satisfies (62) if b3 reads:

b3 = − 280
1107 . (89)

The initial conditions that correspond to (88) read:

x0 = 4 (13y0 + 8)
5 (3y0 + 4) ; (90)

y′0 = 5
112 (3y0 + 4)2 ; (91)

y′′0 = 75
6272 (3y0 + 4)3 . (92)

Permutations τ that do not correspond to the cases listed above result in rank (A (τ)) = 4 and do not 
satisfy Theorem 4.1.

6. Concluding remarks

It is shown that the generalized Riccati equation with polynomial coefficients (5) admits kink solitary 
solutions (10). Necessary and sufficient existence conditions have been derived in terms of the equation’s 
parameters using inverse and direct balancing methods. Initial conditions of the Cauchy problem on (5)
must satisfy the derived constraints in order to admit the kink solitary solution (10). The efficiency of 
the inverse and direct balancing methods in constructing kink solitary solutions to (5) is demonstrated by 
computational experiments.

Note that the direct balancing method can only be used to construct kink solitary solutions. It is im-
portant to observe that the algebraic equations for the determination of the solution parameters become 
nonlinear for higher-order solitary solutions. It is well-known that in the latter case the higher-order solitary 
solutions obtained by the direct balancing or similar ansatz methods may produce wrong results [3,12,19]. 
However, it has been demonstrated in [20,21] that the generalized differential operator method allows to 
construct higher-order solitary solutions without the drawbacks of the direct balancing technique. The con-
struction of higher-order solitary solutions to generalized Riccati equations remains a definite object of 
future research.
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