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5. Inverse relationship

Suppose that the solution to (17) satisfies condition (8). Then, the second differential
equation of the system (17) yields:

d b
d_y =—(ba+ 1)y — by — (—0 + M) 7+ hyz. (38)
b 14

Necessary and sufficient conditions for (38) to coincide with the first differential
equation of the system (17) read: —(b + A)y = ap; —b; = a1; —(bo/y + 1) = az. Then,
necessary and sufficient conditions for the condition (8) to hold true reads:

bi = —ai;  bo(br+A) = ag(az + p). (39)
The parameter y can be determined from the equality:

ao _ b()
by+i  atp

Then, (17) can be rearranged into the inverse canonical form:

‘J/:

ay =o1(y —y)y —y2) +Alyz—y),
d (40)
z

Fie 02(z —z1)(z — z22) + ulyz —y).
X

Since the equality yz = y holds for all x, ¢, s and ¢, the first differential equation of the
system (40) and the equality (8) yield:

A (41)
— = — z z9),
dx Y 14 J1TY2)Y Y1)2
which can be rearranged into the following form:

dz

L 2 <22—<L+L)z+11>+u(yz—y). (42)

dx y Y1 )2 y1)2

The second equation of the system (40) is equivalent to (42). Therefore,
0y = __01)/1)/2; 21 = l; 2 = Z-
14 V1 Y2

Finally, the algorithm for the determination of unknown parameters o1, y; and y, reads:
b a
o] = ap; )’1)’2=—J/—2; y1+yz=——l- (43)
az az
Then, the solution to (40) reads:
y2(s — y1) exp(o1y1(x — ¢)) — y1(s — y2) exp(01y2(x — )
(s = y1) exp(o1y1(x — ©)) — (s — y2) exp(o1y2(x — ©))
2(t — z1) exp(0221(x — ¢)) — 21(t — 22) exp(a222(x — ©))
(t — z1) exp(0221(x — ¢)) — (t — 22) exp(0222(x — ¢))
ifand only if t = y /s. Note that this is the same solution as (6) except it has the constraint
t=y/s.

y(x,¢,8) =

z(x, ¢, 1) =



Example 2: Let us consider the system:

dy _ 2
* (44)
dz 5
— =—-2+4+6z—-2z"—yz
dx
System’s parameters are: ag = 2; a; = —6; dp = 2; A = 15 bg = —2; by = 6; by = —2;
n = —1. Conditions (39) hold true and thus this system can be rearranged into the inverse

form. Thus, y =2; y1 = 1; y2 =2; 21 = 2; 2 = 1, 01 = 2, 03 = —2. Then the inverse
canonical form of (44) reads:

d
L =20-Dr-2+rz-2,
x
e (45)
o =-20z-2)(z—1)— (yz—2).
The solution to (45) reads
2(s = 1) exp(2(x — ¢)) — (s — 2) exp(4(x — ¢))
y(x,¢,8) = ,
(s — 1) exp2(x — 0)) — (s — 2) exp(4(x — ©)) ©
( f = (t —2)exp(—4(x —c)) —2(t — 1) exp(—2(x — ¢)) (
A Y exp(—a(x — 0) — (t — Dexp(—2(x —0))
if and only if
=2 (47)
s

Note that z(x,¢,2/s) = 2/y(x, c,s). The inverse relationship between y and z can be seen
in Figure 4. The validity of results can be double-checked by the following computa-
tional experiment. We will construct approximate numerical solutions to (44) at ¢=0;
sk =14 0.005k; f; = 1 4 0.005; k,I = 0,1, ...,200 using constant step forward march-
ing techniques. Let us denote approximate solution y(jh); z(jh); j = 0, 1,2, ... where h is
the step size. The exact analytical solution (46) is defined on the parameter line (47). But
we release the constraint (47) and assume that the solution (46) is valid throughout the
plane of initial conditions. Using RK2 method we travel 100 steps (h=0.1) from starting
point x = c with the preselected pair of initial values y = s and z = t and compute differences
between the approximate numerical solution and the exact solution (46). Adding absolute
differences for 100 steps produces an error estimate (s, ) (37). The distribution of (s, t)
is shown in Figure 5; numerical values of £(s, t) higher than 5 are truncated to 5 in order
to make the figure more comprehensive. It is clear that errors are almost equal to zero on
the curve t = 2/s.

Note that direct relationship also exists in Example 2 (according to Corollary 3.5). Equal-
ity (27) yields @ = —1 and 8 = 3 (condition (28) holds true then). Equalities (33) yield



y
2.0

1.87
1.67
1.47
1.27

19 1 2 - 3 7 X

z
2.07 —ee———————

1.8
1.67
1.47
1.2

Figure 4. Numerical solutions to the system of coupled Riccati equations (44) at ¢ = 0; s, = 1+ k/20;
ty =2/s.k=0,1,...,20.

Figure 5. The distribution of (s, t) for the system of coupled Riccati equations (44) in the inverse
canonical formatc=0; sy = 1 + 0.005k; t; = 1 + 0.005/;k,/ = 0,1, ..., 200.

y1 = 1;¥2 = 2;z1 = 2; 25 = 1. Then the canonical form reads:

Y Dy -D+ Gz -3
= :
% =—(z—-2)(z— 1) — (yz + 2 — 32),

and solitary solutions are:

2(s — D exp(x —c) — (s — 2) exp(x — ¢)
(s—1Dexp(x—c)—(s—=2)exp(x —¢) ’

(t — 2) exp(—2(x — ©)) — 2(t — 1) exp(—(x — ©))
(t—2)exp(—2(x —¢)) — (t — D exp(—(x —¢)) ’

y(x,¢,8) =

z(x,c, t) =



Direct relationship
z(x,¢,t) + y(x, ¢, t) =3,

exists between these solitary solutions when initial conditions do satisfy the constraint
t+s=3.

6. Concluding remarks

The main objective of this paper is to present an analytical and computational framework
for the derivation of solitary solutions to the system of Riccati equations coupled with
multiplicative terms. It is shown that solitary solutions can exist in the space of system’s
parameters and initial conditions. Moreover, these solitary solutions can be oriented in a
direct or an inverse relationship — necessary and sufficient conditions for this orientation
are derived in the explicit form (Equalities (28) and (39)).

The existence of direct and inverse relationships between solitary solutions implies other
important properties of the coupled system of Riccati equations. As mentioned inSection
1, the coupled system of Riccati equations with multiplicative terms can be used for the
description of the dynamics of biological systems where y(x) and z(x) describe two com-
peting populations. Thus, an infinitesimal perturbation of one population would lead to
an infinitesimal change in the other population - if only both solitary solutions are cou-
pled with the direct relationship. But, in general, that is not true if solitary solutions are
coupled with the inverse relationship - an infinitesimal perturbation of one population
may result into a non-infinitesimal change in the other population. And though we do not
try to speculate regarding the biological interpretation of such effects (such interpretations
would be a definite objective of the future work), such consequences are interesting from
purely theoretical point of view.
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