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Abstract. A technique for adaptive conjugate smoothing of discontinu-
ous fields is presented in the paper. The described technique is applicable
in various engineering problems and is especially effective when hybrid
numerical - experimental methodologies are used. Adaptive smoothing
strategy is illustrated for a discontinuous plain stress field problem when
photoelastic fringes representing the variation of stress are constructed
in virtual projection plane.
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1 Introduction

Adaptive smoothing of discontinuous fields is a problem of a high importance
in hybrid numerical - experimental techniques when the results of experimental
analysis are mimicked in virtual numerical environment [1]. Typical example
is the construction of digital fringe images from finite element analysis results
imitating the stress induced effect of photo-elasticity [2].

Conventional finite element analysis is based on interpolation of nodal vari-
ables (displacements) inside the domain of each element [3]. Though the field
of displacements is continuous in the global domain, the field of stresses is dis-
continuous at inter-element boundaries due to the operation of differentiation.
Construction of digital fringe images from finite element analysis results is a
typical problem when discontinuous fields are to be visualized. Therefore it is
important to develop numerical techniques enabling physically based smoothing
applicable for visualization procedures.

The proposed strategy of smoothing parameter is based on the assumption
that the larger smoothing is required in the zones where the discontinuity of the
field is higher.

The finite element norm representing the residual of stress field reconstruc-
tion in the domain of the analyzed element is introduced. It can be noted that
the calculation of element norms is not a straightforward procedure. First, the
nodal stress values in the global domain are sought by the least square method
minimizing the differences between the interpolated stress field from the nodal
stress values and discontinuous stress field calculated directly from the displace-
ment field. As the minimization is performed over the global domain and the
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interpolations are performed over the local domains of every element, direct
stiffness procedure based on Galiorkin method is developed and applied to the
described problem.

When the nodal stress values are calculated, the finite element norms are cal-
culated for each element as the average error of the field reconstruction through
the interpolation of those nodal values.

It can be noted that the first step of calculation of the nodal values of stress
produces a continuous stress field of stresses over the global domain. Neverthe-
less that field is hardly applicable for visualization procedures as the derivatives
of the field are discontinuous and the plotted fringes are unsmooth. Therefore
the augmented residual term is added to the previously described least squares
procedure while the magnitudes of the terms for every finite element are propor-
tional to the element norms. Explicit analysis of the smoothing procedure for
the reconstruction of the stress field is presented for a one-dimensional problem.

Digital images of two-dimensional systems simulating the realistic effect of
photoelasticity are presented. Those examples prove the importance of the in-
troduced smoothing procedure for practical applications and build the ground
for the development of hybrid numerical experimental techniques.

2 FEM Based Technique for Adaptive Conjugate
Smoothing

Stress component o (a continuous function) inside a finite element can be cal-
culated in a usual way [3]:
o = [Dl{e} (1)

where {€} — column of generalized nodal strains of the analysed finite element;
[D] — vector row relating the strain component and nodal strains in the domain
of the finite element. Vector [D] involves the derivatives of the element’s shape
functions in conventional FEM models based on displacement formulation [3].
Therefore, though the displacement field is continuous in the global domain, the
strain field can be discontinuous at the inter-element boundaries [3].

Techniques used for the visualization of results from FEM analysis [4] require
the nodal values of the plotted parameter which are interpolated in the domain
of each finite element by its shape functions. Therefore visualization of the stress
field requires data on the nodal values of the stress. This is not a straightforward
problem for conventional FEM formulations.

Probably the natural way for calculation of nodal values of stress would be
the minimization of residual constructed as an integral of the squared difference
between the interpolated and factual stress fields over the global domain:

5 (ff -y

where abbreviation D.S. stands for FEM direct stiffness procedure [5]; integrals
are calculated over the domain of each finite element; [N]-row of the shape func-
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tions of finite element;{s} — column of unknown nodal values of the component
of stress in currently integrated finite element.

Though such reconstruction of stress field solves the problem of discontinuity,
the derivatives of the stress field are still discontinuous at inter-element bound-
aries. Visualization procedures for such types of interpolated fields are highly
sensitive to such discontinuities of derivatives [4]. Therefore there exists a need
to design a method for smoothing the reconstructed field.

The proposed method is based on the augmentation of the residual (@) by a
penalty term for fast change of the stress in any direction in the analysed plane:

do\? do\?
il | =— — 3
((590) +(5y) ) )
where \; > 0 are smoothing parameters selected individually for every finite ele-

ment. Keeping in mind that the stress field is interpolated by the form functions
of the finite element the augmentation term can be approximately interpreted

i (2 + (%) = miericns (@)
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and n—number of nodes in the analyzed element; N; — shape functions of the
1 — th node.
Then the nodal values of stress are found minimizing the augmented residual:

1 Tos (1 (NI} = ) + X TICTIC ) o))
ds;

=0, (5)

where i = 1,...,m, s; is an ¢ — th component (i — th nodal value) of global
vector of nodal values of strain {S}; m - number of nodes in the global domain.
Step-by-step differentiation leads to following equality:

2 ( / / ([N]T[N]Jr[C]T)\i[C])dxdy) JEEDY < / / N ods dy) o

It can be noted that eq.[flis a system of linear algebraic equations in respect of
unknown nodal values of {S}. Moreover, this formulation conveniently involves
the smoothing parameter A into FEM formulation. Y ,, ¢ ([[[N]T[N]dzdy) is a
positive definite matrix in conventional FEM [5], so the system matrix in eq.
will be also positive definite at A > 0, what will guarantee the solution of {S}.
Finally, eq. [tl is very convenient for implementation, straightforwardly falls into
FEM ideology and therefore does not require extensive modifications of standard
FEM codes.
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3  One-Dimensional Example

The properties of conjugate smoothing can be illustrated by the following trivial
example. One-dimensional system consisting from three elements and four nodes

—Y

Fig. 1. One-dimensional system consisting from 3 linear finite elements and 4 nodes

is presented in Fig. [[l For simplicity it is assumed that the elements are linear,
co-ordinates of the nodes x;, are:

xr=k—1, k=1,...,4 (7)
Then the shape functions of the i — th element are:
N2y =i—z (8)
NQ(i)(x) =z —i+1,
Herei=1,...,3.

The nodal strains are explicitly defined as . Strain distribution in the do-
main of the ¢ —th finite element is approximated by appropriate shape functions:

e®(z) = N (2)e; + NS (2)ei41 9)

Then the stress inside the ¢ — th element is calculated as the derivative of strain

[2]:

oW () = B%i) (w)eq) + Bg)ai_,_l =gif1 — £(5) (10)
where 0 0
i ON ! €z i ON. ! X
By =@ - g =y gy

The unknown nodal values of stress are denoted as s,. It can be noted that
[N] = {Nl(l) (x); Nz(l) (1’)J, [C] = LBY)(:E); Bg) (m)J Then, for the i — th element:

7
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Initially it is assumed that the smoothing parameter A is the same for all el-
ements. Direct stiffness procedure [5] over the three elements results into the
following system of linear algebraic equations:

%4-/\%—)\ 0 0 51 ZES
GAFH2N 5N 0 | fso| | =g (13)
0 %—)\§+2/\%—/\ 53 gaze2
0 0 +-A3+XA] | S

The solution of this linear system can be found using computer algebra:

_ 36M\%(eq — 1) — 12X\(8ey — bea — 3eg + 4) — 19e1 + 24y — b3 + €4

o 3(36A2 + 36A + 5)

o — 3672(eq4 —£1) — 6A(10e — 39 — 663 — £4) — Tey — 3e9 + 1263 — 264(14)
3(36)2 + 36X + 5)

o — 360%(e4 — €1) — 6A(e1 + 62 + 33 — 104) + 261 — 1269 + 3e3 + Tey
3(3672 + 361 + 5)

o — 360%(e4 —e1) + 12X\(e1 — 3eg — 6e3 + 8e4) — 1 + 69 — 24e3 + 19¢4

3(36A2 + 36\ + 5)

The reconstructed stress in the domain of the i — th element is approximated by
the shape functions of the i — th element:

SOz, N) = s; AN (@) + sy WNP (@) i=1,...,3 (15)
It can be noted that
. . . . €4 —&1
Jim (1) = Jlim (s2(N) = Jim (s5(0) = Jim (ss(V) === (16)

By the way, application of computer algebra simplifies the calculation of the
following integral:

3 i
> ( SO (z, A)dx) —e4—e1 (17)
i=1 Vil

Remarkable is the simplicity of the result and the fact that the integral does not
depend from A . By the way,

3 3

> (/_1 a(i)(x)dx) => (/;(gm - ei)da:> =e4—€1 (18)

i=1 i=1
The produced equalities (14) and (15) enable construction of smoothed field of
stresses in the analyzed domain. Further improvement of the smoothing tech-
nique is possible when the smoothing parameters are selected individually for
each element. Such adaptive selection is based on the magnitude of error norms
of the elements which are calculated as:

Ri = / (N (@)5:(0) + N3 (@)si41(0) — o) () da (19)

i—1
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It can be noted that in determination (20) the nodal values of stress s;(0) and
$i+1(0) require the solution of eg. (13) at A = 0. Calculation of the error norms
enables the selection of individual parameters of smoothing:

>\i = aRi (20)

where a is a constant. Direct stiffness procedure will produce the following system
of algebraic equations:

% +aR  i-aR 0 0 51 -8

g aRy % + a(R1 + RQ) % —aRy 0 S22 35—61 (21)
0 % —aRs % + G(RQ + R3) L aRs3 S3 %
0 0 é —aRg 3 + aR3 Sy 64—;51

It is clear that the solution of eq2Il at a = 0 will coincide with the solution of
eq@3 at A = 0. Computer algebra helps to prove that

Jim (s1(a) = Jim (s2(@)) = lim (s3(0) = lim (sa(a) = =7 (22)

a— 00

at bounded error norms R;.

Assumption of particular values of strains - for example €1 = 0.02; g5 = 0.02;
€3 = 0.06 and ¢4 = —0.02 enables the illustration of the reconstructed field
of stress. The nodal values of strain at A = 0 are: s; = —0.083; so = 0.045;
s3 = 0.021; s, = —0.131. The error norms of the elements are: R ~ 0.0426667;
Ry ~ 0.0471781; R3 =~ 0.0506667.

Then the system of equations 22l can be solved at different values of a and the
calculated nodal values of stress can be interpolated by the shape functions in
the domain of every element. The results are visualized in Fig.[2 It can be noted
that the reconstructed field of stress at a = 0 is continuous in the global domain,
but the discontinuity of its derivatives at inter-element boundaries is an obstacle
for construction of its smooth visual interpretations. Increase of parameter a
helps solving this problem what is illustrated in the following section.

7
74

Fig. 2. Reconstructed field of stress S at a = (1 — 1) %0.25; ¢ = 1,.. ., 20; the horizontal
lines represent o



Adaptive Conjugate Smoothing of Discontinuous Fields 469

4 Adaptive Smoothing for Stress Field Visualisation in
the Problem of Plane Stress

The components of stresses in the domain of the analysed finite element are
calculated in the usual way [2, 5]:

oy b = [DI[B]{s} (23)

Tay

where {60} is the vector of nodal displacements of the analysed element; [B] is
the matrix relating the strains with the displacements; [D] is the matrix relating
the stresses with the strains; o,, oy, 7,y are the components of the stresses in
the problem of plane stress. Conjugate smoothing of the stress field in the global
domain results in the following system of equations:

(Z// e afe ])da:dy) {6}—2// "o, dudy

(Z// +[CTTA[C ])dwdy) {6, }—Z// T dudy (24)

(Z // +ICTAICT)dady ) - {61,} = > // T didy

where {6, } - the vector of nodal values of o,; {6, } - the vector of nodal values of
oy; {02y} - the vector of nodal values of 7. Relative error norms for finite ele-
ments are calculated using the methodology described in Eq.(21) and averaging
for all three components of plain stress.

5 Computational Example and Concluding Remarks

Practical applicability and usefulness of the presented technique for adaptive
smoothing of discontinuous fields is illustrated by the following example where
the discontinuous stress field is visualised generating digital image of isochromat-
ics in virtual projection plane. The numerical procedure used for constructing
digital fringes is presented in [4]. Three patterns of fringes corresponding to the
same strain field are presented in Fig. [l Unsmoothed fringes are presented in
Fig. Bh. It can be clearly seen that the structure of fringes is not uniform at the
inter-element boundaries what is especially distinct in the corners of the area.
Fig. Bb presents uniformly smoothed fringes. Though the structure of the pat-
tern is smoother than in Fig. 3a, the fringes in the corners are missing. That
corresponds to an over-smoothed state and illustrates a non-physical behaviour
of the system. Fig. Bk corresponds to adaptive smoothing where the value of pa-
rameter A is selected in accordance to finite element norms as described earlier.
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Fig. 3. Photoelastic fringes for a plane stress problem: a—unsmoothed fringes at A =
0; b—smoothed fringes at constant A\ = 0,1 for all elements; c—fringes after adaptive
smoothing

The whole pattern of fringes is rather smooth, while the corner fringes are not
eliminated.

Presented smoothing technique can be applied in different engineering ap-
plications. Especially it is useful in hybrid numerical - experimental techniques
where the functionality of the systems is mimicked in virtual computational
environment and the represented field of physical parameters is discontinuous.
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