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Abstract It is shown that a pseudo-stable structure
of non-asymptotic convergence may exist in a com-
pletely invertible bouncing ball model. Visualization
of the pattern of H-ranks helps to identify this struc-
ture. It appears that this structure is similar to the sta-
ble manifold of non-invertible nonlinear maps which
govern the non-asymptotic convergence to unstable
periodic orbits. But this convergence to the unstable
repeller of the bouncing ball problem is only tempo-
rary since non-asymptotic convergence cannot exist in
completely invertible maps. This nonlinear effect is
exploited for temporary stabilization of unstable peri-
odic orbits in completely reversible nonlinear maps.

Keywords Bouncing ball model · Rank · Manifold ·
Convergence

1 Introduction

A particle falling down, in a constant gravitational field,
on a moving platform is called a bouncing ball prob-
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lem, or a bouncer. This model was suggested more
than thirty years ago [28,31] as an alternative sim-
plification to the Fermi–Ulam model [22] of cosmic
ray acceleration [5]. Many different approaches to the
bouncer model have been studied theoretically and
experimentally [2,4,21,27]. It has been proved to be
a useful model for experimental exploration of several
new nonlinear effects [8,17,24,30]. Moreover, it has
been implemented into a number of engineering appli-
cations [12,13,23].

The bouncer model is a discrete dynamical system,
since the time evolution of the dynamics of the sys-
tem is discontinuous at collisions. The bouncer model
can be briefly characterized by the following basic
statements: (i) Maps derived for the bouncer model
can be exactly iterated for any number of iterations
into the future [27,30]. (ii) The ball-platform colli-
sions can be characterized by a coefficient of resti-
tution α changing from α = 1 for a perfectly elas-
tic case to α = 0 for a completely inelastic situation.
(iii) The chaotic bouncer can be easily used to relate
theoretical predictions to experimental results, [17,30]
what makes it a paradigmatic model in nonlinear
dynamics.

The bouncer model is a discrete dynamical system,
since the time evolution of the dynamics of the system
is discontinuous at collisions. If the impact between
the table and the ball is inelastic, we can represent the
velocity of the ball just after the impact with the help
of a discrete map which is called the bouncer system
[7,11,15]
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1630 M. Landauskas, M. Ragulskis

{
xn+1 = xn + yn;
yn+1 = αyn + βcos (xn + yn) ,

(1)

where the variable xn is the time interval between the
(n − 1)th and the nth collisions of the ball and yn is the
velocity of the ball immediately after the nth impact.
The parameter α ∈ (0, 1] is the coefficient of restitu-
tion and the parameter β is associated with the table
frequency. If the coefficient of restitution is α = 1,
then Eq. (1) reduces to the standard map. Note that the
bouncer system described by Eq. (1) is a good approx-
imation of the bouncing ball [8].

The knowledge of the stable and unstable man-
ifolds of hyperbolic equilibria plays a central role
in understanding many global, dynamical issues for
autonomous maps. For a given nonlinear dynamical
system, the only general way of studying such sta-
ble and unstable manifolds is by computing them
numerically. Consequently, a number of different algo-
rithms have been developed for computing the sta-
ble and unstable manifolds for autonomous maps
[1,3,6,10,16,18,25,26].

Unstable periodic orbits in nonlinear maps can be
identified by clocking the convergence processes. A
pattern of H-ranks (which does help to clock the con-
vergence) is a particularly useful tool for the visual-
ization of these unstable orbits and their manifolds
in non-invertible nonlinear maps [19]. But a non-
asymptotic convergence to an unstable orbit cannot
exist in a completely invertible map (this statement can
be easily proven by the contradiction). Nevertheless, a
”shadow” of a previously stable orbit (after a period
doubling bifurcation) will still temporarily attract tran-
sient processes from some initial conditions in a com-
pletely invertible bouncing ball model. The question
that how to identify these ”shadows” for an unstable
orbit for a completely invertible map remains open.

We use computational tools based on H-ranks
[19,29] for the assessment of the convergence rate
to stable periodic orbits of the bouncer model. The
resulting patterns of H-ranks reveal interesting struc-
tures in the phase space of initial conditions. The fact
that ”shadows” of unstable orbits can be interpreted in
these patterns of H-ranks is not unexpected. Much more
interesting is the topological structure of these ”shad-
ows” which appears to be strikingly similar to the stable
manifold of a non-invertible one-dimensional logistic
map and suggests the existence of the non-asymptotic
temporary convergence to the unstable repeller. The

main objective of this paper is to demonstrate the exis-
tence of this non-asymptotic convergence and its ability
to stabilize unstable periodic orbits of discrete com-
pletely invertible dynamical systems during finite tran-
sient processes.

2 Preliminaries

Period-1 fixed points of the bouncer model can be easily
determined by setting xn+1 = xn and yn+1 = yn into
Eq. (1). Two different fixed points exist: x (1) = π

2 +
2πk; y(1) = 0 and x (2) = −π

2 + 2πk; y(2) = 0;
k ∈ Z . The stability of these points can be determined
by evaluating the eigenvalues of the Jacobian matrix;
corresponding eigenvalues read:

λ1,2

(
x (k), y(k)

)
= 1

2

(
1 + α − β sin x (k)

)

± 1

2

√
(1−α)2−2 (1 + α) β sin x (k)+β2 sin2 x (k);

k = 1, 2.

We fix α = 0.1 and explore the variation of eigen-
values in respect to β:

λ1,2

(
x (1), y(1)

)
= (1.1 − β) ± √

0.81 − 2.2β + β2

2
,

λ1,2

(
x (2), y(2)

)
= (1.1 + β) ± √

0.81 + 2.2β + β2

2
.

The values of λ1,2
(
x (k), y(k)

)
; k = 1, 2 are plotted

in Fig. 1. It can be seen that the fixed point
(
x (1), y(1)

)
is stable in the interval 0 < β < 2.200 (both absolute
values of its eigenvalues are lower than 1) and its stabil-
ity is lost as β exceeds 2.200 (Fig. 1a). This fact can be
observed in the bifurcation diagram (Fig. 2), where the
first period doubling bifurcation occurs at β = 2.200.

3 Patterns of H-ranks

3.1 The H-rank of a sequence—preliminaries

The H-rank of a sequence is an effective computational
tool for the investigation of the convergence of nonlin-
ear dynamical systems to critical attractors. H-ranks
computed for initial solutions in the space of system’s
parameters and initial conditions may reveal important
physical information about peculiarities of system’s
behavior [19,29].
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Fig. 1 The eigenvalues of
the Jacobian for

(
x (1), y(1)

)
(part a) and

(
x (2), y(2)

)
(part b)

(a) (b)

Fig. 2 The bifurcation diagram for the bouncer model; α = 0.1

Let S is an infinite sequence of real or complex num-
bers: S := {xr }+∞

r=0.
A finite subsequence comprising first 2k − 1 ele-

ments (x0, x1, x2, . . . , x2k−3, x2k−2) can be rearranged
into the Hankel matrix H (k):

H (k) := [
xr+s−2

]
1≤r,s≤k =

⎡
⎢⎢⎣

x0 x1 · · · xk−1

x1 x2 · · · xk

· · ·
xk−1 xk · · · x2k−2

⎤
⎥⎥⎦

where the superscript k denotes the order of the Han-
kel matrix. The Hankel transform of the sequence of
matrices

{
H (k)

}+∞
k=2 yields a sequence of determinants{

det
(
H (k)

)}+∞
k=2 = {

d(k)
}+∞

k=2.
The rank of a discrete sequence is defined in [29]. It

is such a natural number m that satisfies the following
condition (if only the rank exists): d(m+n) = 0 for all
n ∈ N ; if only d(m) �= 0. We will use the notation:

Hr S = m.

If such a number m does not exist, we will denote
that the sequence S does not have a rank: Hr S := +∞.
But if the rank of a discrete sequence does exist, an
explicit mathematical model governing the evolution
of that sequence can be derived [29].

It can be noted that a chaotic sequence does not
have a rank. Otherwise, the dynamics of that sequence
would be deterministic because an algebraic model of
this sequence could be derived, which contradicts to
the definition of a chaotic sequence.

3.2 Patterns of H-ranks for the bouncer model

Patterns of H-ranks for the bouncer model produced
at different values of the parameter β are illustrated in
Fig. 3. Every point in the phase space (x0; y0) corre-
sponds to a separate transient process started from ini-
tial conditions (x0; y0). The color of a point is assigned
in accordance to the H-rank of a transient process
started from this point. But H-ranks can be computed
for scalar time series only [29]. Therefore, we compute

Hr

(√
x2

0 + y2
0 ,

√
x2

1 + y2
1 ,

√
x2

2 + y2
2 , . . .

)
for a par-

ticular trajectory in the two-dimensional phase plane.
Such an approach ensures the consistency of results
and eliminates the possibility for the recovery of low
H-ranks for such transient processes where one coordi-
nate is frozen and the other performs wild oscillations.

The computation of the H-rank of a transient process
for a predefined set of system parameters and initial
conditions can be described by the following algorithm.
Step 0: Set the maximum dimension m of the square
Hankel matrix; set ε > 0. Step 1: Compute the Hankel
transform of the transient process up to k = m resulting
into a sequence of determinants {dk}m

k=2. Step 2: Find
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(a) (b)

(c) (d)

Fig. 3 Patterns of H-ranks computed for the bouncing ball model at different values of β: a β = 1; b β = 1.5; c β = 2; d β = 2.5.
The parameter α is fixed to 0.1; all computations are performed in the region (−2π ≤ x0 ≤ 2π and −2π ≤ y0 ≤ 2π )

such 2 ≤ s ≤ m that {|dk |}m
k≥s+1 < ε; assign the H-

rank of the sequence to s. If |dm | ≥ ε then assume that
the H-rank is greater or equal than m.

Detailed description of computational properties of
this algorithm, and more efficient realizations based on
SVD and PLU decompositions are investigated in [20].

Several characteristic features can be singled out in
all patterns of H-ranks illustrated in Fig. 3. All patterns
of H-ranks are periodic in respect to x0 (due to the
periodical structure of the model in respect of x). Stable
period-1 attractors are clearly visible at x0 = π

2 +2πk;
y0 = 0; k ∈ N in Fig. 3a–c (period-1 orbit is unstable

in Fig. 3d). Also, it can be noted that the boundary
lines separating periodic bands of patterns run through
unstable period-1 fixed points (x0 = −π

2 + 2πk; y0 =
0; k ∈ N ) in all figures, including Fig. 3d.

3.3 Visualization of patterns of H-ranks in sheared
bands

It would be advantageous to visualize the pattern of
H-ranks in one single periodic band. A straightforward
parallel plain shear mapping could be used for such
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Fig. 4 Numerical reconstruction of the slope of separatrices
S(β). Circles denote numerically reconstructed values of the
slope at β = 1; 1.5; 2; and 2.5; the solid line represents the
least squares linear approximation of S(β)

visualization. Unfortunately, the slope of lines separat-
ing adjacent bands is different for different β (Fig. 3).
We use numerical techniques for the approximation of
the slope of separatrices (at fixed α = 0.1):

y = −S (β) ·
(

x + π

2
+ 2πk

)
; k ∈ N .

Numerical values of the parameter S (β) are recon-
structed from the results of numerical experiments:
S (1) = −0.9529; S (1.5) = −0.9615; S (2) =
−0.9674; S (2.5) = −0.9735. The least square linear
regression yields the approximation (Fig. 4):

S (β) = −0.01354 · β − 0.94013;
Now, the plain shear mapping reads

x := x + y

S (β)
;

y := y.

This mapping is used to visualize only one band
between two adjacent separatrices; both separatrices
are represented as vertical border lines on the left and
the right side of the mapped image of H-ranks (Fig. 5).
Note that all mapped coordinates at y0 = 0 correspond
to the original coordinate system—stable fixed points
are located x0 = π

2 ; y0 = 0 at Fig. 5a–c. Two period-
2 fixed points are clearly visible in Fig. 5d (they are
located in the centers of regions represented by the
lowest H-rank). Note that period-2 fixed points are sep-
arated by a new separatrix; this separatrix does cross
the previously stable period-1 point at x0 = π

2 ; y0 = 0
(Fig. 5d).

3.4 The continuous variation of β

Snapshots of patterns of H-ranks in Figs. 3 and 5 are
illustrated at four discrete values of the parameter β.
Continuous variation of the parameter β would help
to reveal the evolution of these patterns of H-ranks. In
order to simplify the graphical data representation, we
cut every pattern in Fig. 5 in the vertical and the hor-
izontal direction through the point

(
x0 = π

2 ; y0 = 0
)
.

The resulting graphs (as β varies continuously from 0
to 4) are shown in Fig. 6b (the vertical cut) and Fig. 6a
(the horizontal cut).

The pattern of H-ranks in Fig. 6b reveals the period
doubling bifurcation occurring at β = 2.200. The fixed
point

(
x0 = π

2 ; y0 = 0
)

becomes unstable after the first
period doubling bifurcation; a characteristic supercrit-
ical pitchfork shape can be observed in Fig. 6b after
the bifurcation point. Note that the outer pitchfork fin-
gers do not represent the stable period-2 solution in
Fig. 6b— the vertical cutting line does not intersect the
stable period-2 attractor (Fig. 5d).

The unstable finger of the pitchfork is surrounded by
a region of high H-ranks after the period doubling bifur-
cation (Fig. 6b). That represents the transient behavior
of solutions with initial conditions in the vicinity of
the unstable period-1 fixed point. The system would
be repelled to the stable period-2 attractor at β = 2.5.
But this repelling process is slow if initial conditions
are very close to the unstable period-1 fixed point (the
”shadow” of the previously stable attractor is still there
[9]). The pattern of H-ranks surrounding the unstable
period-1 repeller forms a shape of a tulip. Such orna-
ment represents the fact that the algebraic complexity
of the transient process from initial conditions near the
repeller is high—the system starts slowly moving away
from the unstable period-1 attractor and subsequently
converges (after a rather long transient time) to the sta-
ble period-2 attractor.

4 Non-asymptotic temporary convergence

Let us consider the evolution of the pattern in H-ranks
in vertical sections (Fig. 6a). The supercritical pitchfork
of the period doubling bifurcation is also visible at β =
2.200. But one can observe a rather interesting structure
of patterns in the region after the first period doubling
bifurcation. Such structures in the pattern of H-ranks
require additional attention.
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(a) (b)

(c) (d)

Fig. 5 Patterns of H-ranks in a periodic sheared band computed at different values of β: a β = 1; b β = 1.5; c β = 2; d β = 2.5. The
parameter α is fixed to 0.1

4.1 The stable manifold of the bouncer model

We exploit Dynamics [26] software for the construction
of the stable and unstable manifolds of the bouncer
model. The stable and the unstable manifolds of the
bouncer model are illustrated in Fig. 7 at α = 0.1 and
β = 2.5.

4.2 The pseudo-stable structure of the bouncer model

Let us consider the pattern of H-ranks constructed for
the continuous variation of β in horizontal sections

(Fig. 6b). A vertical band of H-ranks around β = 2.5 is
illustrated in Fig. 8a. Let us denote the region of higher
H-ranks wrapped around the central line x0 = π

2 as
the central tulip. Regions of higher H-ranks above and
below the central line are denoted as the first upper and
the first lower tulip accordingly (marker 2 is located
near the first upper tulip in Fig. 8a). Analogously, tulips
located further away from the central line are given
higher numbers (marker 1 is located at the center of the
second upper tulip in Fig. 8a).

It can be observed that initial conditions correspond-
ing to the centers of tulips result into transient processes
approaching the unstable period-1 regime and con-
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Fig. 6 The evolution of the
pattern of H-ranks for the
continuous variation of β in
horizontal (a) and vertical
(b) sections of sheared
bands of H-ranks; the
parameter α is fixed to 0.1

(a)

(b)

(a)(b)

Fig. 7 The stable (a) and the unstable (b) manifolds of the
bouncer model at α = 0.1 and β = 2.5. Saddle points are
shown as empty circles; stable period-2 points are shown as black
disks; ”shadows” of previously stable period-1 points are shown

as black dots and are located between each pair of black disks.
The unstable manifold goes through all equilibrium points (stable
and unstable)

sequently converging to the stable period-2 regime
(Fig. 8). Initial conditions for the computation exper-
iment illustrated in Fig. 8a are x1 = 4.4082; y1 = 0.

Note that y1 must be equal to zero because the hori-
zontal section though the pattern of H-ranks in Fig. 7b
is performed through the point

(
x0 = π

2 ; y0 = 0
)
. Four
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(a) (b) (c)

(d) (e) (f)

Fig. 8 The evolution of a transient process started from initial
conditions coinciding with the center of the second upper tulip
in the pattern of H-ranks. Part a shows a vertical band of the
pattern of H-ranks in Fig. 6b around β = 2.5; part b illustrates
the evolution of xk ; part c—the evolution of yk (k is the step
number). Initial conditions are marked by the symbol 1 in parts

(a), (b), and (c). 4 consecutive steps are illustrated in part (a); 44
forward steps are illustrated in parts (b) and (c). Initial conditions
located not in the center of a tulip result into fast convergence to
the stable period-2 attractor (parts d and f). Parameter α is fixed
to 0.1; β—to 0.25

consecutive steps of the transient process are illustrated
in Fig. 8a, but only x-coordinates are shown there.
For example, the coordinates of the second point are
x2 = 3.6392; y2 = −0.7489. Therefore, the coinci-
dence of the second point with the center of the first
upper tulip in Fig. 8a is completely accidental. The tran-
sient process started from the center of the first upper
tulip would be different from the process illustrated

in Fig. 8 (though it would also approach the unstable
period-1 regime and then converge to the stable period-
2 regime).

The evolution of xk and yk is illustrated in Fig. 8b and
c. The transient process approaches the unstable period-
1 fixed point

(
x0 = π

2 ; y0 = 0
)

but never reaches it.
Empty circles at k = 6 in Fig. 8b and c denote the sixth
iteration when the system is located closest to this fixed
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Fig. 9 The schematic diagram illustrating the skeleton-type
structure of the pattern of H-ranks. Thick solid lines correspond
to stable period-1 and period-2 regimes; the central thick dotted

line corresponds to the unstable period-1 regime. All other thick
dotted lines belong to the pseudo-stable structure of the unstable
period-1 regime

point:
√(

x6 − π

2

)2 + y2
6 = 6.8454 · 10−8.

As mentioned previously, such temporary conver-
gence to a ”shadow” of a previously stable fixed point
is not a new phenomenon. But the basin of attraction of
this ”shadow” is rather unexpected. A schematic dia-
gram drawn on top of Fig. 6a illustrates the complexity
of this region (Fig. 9).

The thick solid line in the region 0 < β < 2.200
represents the stable period-1 attractor. The period dou-
bling bifurcation occurs at β = 2.200; a stable period-
2 regime exists at 2.200 < β < 3.736 (we do not
visualize the second period doubling bifurcation). The
”shadow” of the previously stable period-1 regime is
shown as a thick dotted line at x0 = π

2 . Thick dashed
lines before the first period doubling bifurcation corre-
spond to such initial conditions which yield fast conver-
gence to the stable period-1 regime. Analogously, thick
dashed lines after the first period doubling bifurcation
correspond to such initial conditions which yield fast
convergence to the stable period-2 orbit. Finally, thick
dotted lines running through the centers of the top and
the bottom tulips correspond to such initial conditions
which yield fast (though temporary) convergence to the
unstable period-1 regime.

It is well known that the bouncer model is a com-
pletely invertible discrete nonlinear map; a backward
step can be expressed from Eq. (1):
{

yn−1 = 1
α

(yn − β cos xn);
xn−1 = xn − yn−1.

In other words, a unique backward trajectory can be
constructed for every initial condition of the bouncer
model. That is contrary to discrete non-invertible maps
where the process of the convergence to a stable
attractor of a nonlinear discrete map can be classi-
fied into the asymptotic convergence and the non-
asymptotic convergence. An infinite number of forward
steps are required for the system to reach the stable
attractor if it converges asymptotically. On the oppo-
site, a finite number of forward steps are required to
reach the stable attractor if the system converges non-
asymptotically. Such different types of convergence to
stable attractors of the non-invertible logistic map are
well known; some computations aspects for the iden-
tification of the type of the convergence are discussed
in [29].

But the non-asymptotic convergence cannot exist
in the bouncer model. This statement can be proven
by contradiction. Let us denote the coordinates of the
period-p orbit as

{(
x̂1; ŷ1

)
,
(
x̂2; ŷ2

)
, . . . ,

(
x̂ p; ŷp

)}
.

Let us assume that the set of initial conditions which
yield the convergence to this periodic orbit in a finite
number of forward iterations is not an empty set. Then,
there exists at least one point

(
x̂0; ŷ0

)
which does

not belong to the periodic orbit and is mapped into
a point

(
x̂k; ŷk

)
; 1 ≤ k ≤ p in one forward itera-

tion (otherwise non-asymptotic convergence would be
not possible). But then the point

(
x̂k; ŷk

)
is a branch-

ing point—it can be mapped either into the previous
point of the orbit

(
x̂k−1; ŷk−1

)
, or into

(
x̂0; ŷ0

)
in one

backward iteration. That contradicts to the fact that
the bouncer model is a completely invertible discrete
map.
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4.3 Non-asymptotic convergence and the logistic map

It is well known that the one-dimensional logistic map

xk+1 = r xk (1 − xk) ; (2)

0 ≤ r ≤ 4; 0 ≤ x0 ≤ 1; k = 0, 1, 2, . . . is a non-
invertible map. Let us consider a stable period-2 orbit
at r = 3.2. All initial conditions can be classified into 3
distinct sets: the infinite uncountable set of initial con-
ditions leading to the asymptotic convergence to the
period-2 attractor; the infinite countable set of initial
conditions leading to the non-asymptotic convergence
to the period-2 attractor; and the infinite countable set
of initial conditions leading to the non-asymptotic con-
vergence to the unstable period-1 repeller. All three dif-
ferent types of convergence are illustrated in Fig. 10.

But the topological structure of patterns of H-ranks
in Figs. 9 and 10 is strikingly similar. As discussed
previously, non-asymptotic convergence to stable or
unstable attractors is impossible for completely invert-
ible maps. Therefore, initial conditions coinciding with
the centers of tulips in the pattern of H-ranks for the
bouncer model do not result into a non-asymptotic con-
vergence to the unstable period-1 attractor in Fig. 8
(contrary to the non-invertible logistic map in Fig. 10).
The system is just temporarily attracted to the vicin-
ity of the unstable attractor (Fig. 8). Therefore, the
topological structure highlighted in Fig. 9 cannot
be identified by Dynamics. But this structure does
attract (although temporarily) the system to the unsta-
ble attractor. Moreover, this attraction reminds a non-
asymptotic convergence—the system approaches the
unstable attractor in a finite number of forward itera-
tions. Thus, we denote this topological structure as the
pseudo-stable structure of the unstable orbit.

5 Temporary stabilization of the unstable period-1
attractor

The ability of the bouncer model to attract transient
processes into the vicinity of the unstable attractor can
be successfully exploited for the temporary stabiliza-
tion of unstable orbits. A continuous feedback control
loop is not necessary in such case—one can exploit
small external pulse which could relocate the system
onto a branch of the pseudo-stable structure.

Such a control strategy is illustrated in Figs. 11 and
12. A single impulse relocates the system onto a nearest

point lying on the pseudo-stable structure. The system
then converges non-asymptotically to the vicinity of
the period-1 repeller and stays there for considerable
number of forward iterations.

The presented technique for the temporary stabiliza-
tion of unstable orbits comprises the following steps:

(i) Compute the pattern of H-ranks for the completely
invertible discrete map.

(ii) Identify the structure of non-asymptotic pseudo-
convergence to unstable orbit in the pattern of H-
ranks. Note that non-asymptotic convergence is
not possible in a completely invertible discrete
map; negative mapping cannot reveal this struc-
ture.

(iii) Use a control impulse to reset the system from its
current point to the closest branch of this structure
of non-asymptotic pseudo-convergence.

(iv) Allow the system to converge (non-asymptotica-
lly) to the infinitesimal surrounding of the unsta-
ble orbit. Such process of convergence is named
as temporary convergence because the system
cannot converge exactly to this unstable orbit—
otherwise, this system would not be invertible.

(v) The unstable orbit is a repeller—finally the system
will diverge from the infinitesimal surrounding of
the unstable orbit. But the system will stay in the
surrounding of this unstable orbit for a period of
time before it converges (asymptotically) to a dif-
ferent stable attractor.

The whole process is named as non-asymptotic tem-
porary convergence to unstable orbits in the completely
invertible discrete dynamical system.

6 The sensitivity of the temporary stabilization
technique to external noise

The experimental bouncing ball problem is an analog
system and computational simulation of this system
does introduce numerical noise. We do not only sim-
ulate the system, but also compute H-ranks of tran-
sient solutions—that introduces additional computa-
tional errors. This raises the question about the robust-
ness of the proposed temporary stabilization technique
to external noise. Such analysis is also important from
the point of view of practical applicability of this tech-
nique to an experimental analog system which would
be exposed to inevitable external noise.
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(a) (b)

(c) (d)

(e) (f)

Fig. 10 Three different types of transient processes for the non-
invertible logistic map xn+1 = r xn (1 − xn). Parts a and b
illustrate non-asymptotic convergence to the unstable period-1
repeller (the initial condition is located at the center of the sec-
ond upper tulip in the pattern of H-ranks). Parts c and d illustrate

non-asymptotic convergence to the stable period-2 attractor in
two forward steps; parts e and f illustrate asymptotic conver-
gence to the stable period-2 attractor. The parameter r is fixed to
3.3 in all computational experiments
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Fig. 11 The control strategy illustrated at α = 0.1 and β = 2.5
(the grayscale pattern of H-ranks is shown in the background for
clarity). Thin black arrows illustrate the evolution of the system
without any control applied—the system approaches the stable
period-2 regime (illustrated by two thick black dots) in parts (a),

(b), and (c). The thick arrow in part (d) illustrates the control
impulse which relocates the system onto a point on the pseudo-
stable structure. The system converges to the period-1 regime in
a finite number of steps as shown in parts (e) and (f) (no control
is further required)
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Fig. 12 The control
strategy illustrated for the
bouncer model—the
evolution of xk and yk is
shown in parts (a) and (b).
Thin dashed lines stand for
the stable period-2 attractor;
thick dashed lines show the
acceptable range for the
deflection from the unstable
period-1 repeller. Thick
arrows denote the relocation
of the system by a control
pulse

Thus, the perturbed system reads

xn+1 = xn + yn + bξn;
yn+1 = αyn + β cos (xn + yn) .

where ξn is Gaussian white noise with zero mean and a
standard deviation equal to one; b is the noise intensity.
We do perturb the time interval between the collisions;
the velocity is perturbed automatically in the every sub-
sequent collision.

Three computational experiments are performed at
b = 0.0001, b = 0.001 and b = 0.01 (Fig. 13); 50
experiments are repeated from the same initial condi-
tions as used in Fig. 8 parts b and c. Black dots in Fig. 13
correspond to unperturbed transient solutions (identi-
cal to ones illustrated in Fig. 8 parts b and c); gray dots
correspond to 50 perturbed transients. It is clear that
small external noise does not damage the temporary
stabilization of the unstable orbit—though the result-
ing time interval when the transient solution stays in the
surrounding of the unstable period-1 repeller is in aver-
age shorter compared to the unperturbed case. By the
way, there exist particular transient solutions (Fig. 13)
which stay longer in the surrounding of the repeller
compared to the unperturbed system. That is an inter-
esting phenomenon which could be explained by the
fact that noise may change the stability of nonlinear
systems [14]. In other words, a proper manipulation
with particular realizations of the Gaussian noise may
enable the design of efficient control strategies of unsta-
ble orbits. Nonetheless, we do leave these questions as
a definite topic of future research.

7 Concluding remarks

Non-asymptotic convergence to unstable periodic
orbits in non-invertible nonlinear maps is a well-known
effect in nonlinear dynamics. But non-asymptotic
convergence is not possible in completely invert-
ible nonlinear maps (otherwise these maps cannot
be invertible). This paper gives the computational
proof of the fact that a pseudo-stable structure of
non-asymptotic convergence to an unstable orbit may
exist in a completely invertible discrete dynamical
system.

A computational framework for the identification of
this pseudo-stable structure attracting to the unstable
period-1 repeller in the bouncer model is presented in
this paper. The same framework is easily extendable for
other completely invertible maps and more complex
unstable periodic orbits. Our study was based on the
bouncer system (Eq. 1)—but a complete computational
analysis of the bouncing ball model remains a definite
topic of future research.

The attraction of this pseudo-stable structure resem-
bles non-asymptotic convergence to unstable periodic
orbits in non-invertible nonlinear maps. But this attrac-
tion is only temporary since non-asymptotic conver-
gence cannot exist in completely invertible maps. It
is demonstrated that this pseudo-stable structure can
be effectively exploited for temporary stabilization of
unstable periodic orbits.

It is shown that the proposed technique for tempo-
rary stabilization of unstable periodic orbits in com-
pletely invertible maps is robust to external noise. It
appears that particular realizations of the Gaussian
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Fig. 13 The evolution of
perturbed transient
processes by Gaussian noise
at: b = 0.0001 (parts a and
b); b = 0.001 (parts (c and
d); b = 0.01 (parts e and f).
50 perturbed transients are
plotted as arrays of gray
dots; the unperturbed
transient—as a sequence of
black dots

(a) (b)

(c) (d)

(e) (f)

noise may extend the time interval when transient solu-
tions stay in the surrounding of the unstable periodic
orbit. This phenomenon could be explained by the
fact that noise may change the stability of nonlinear
systems—but the design of efficient control strategies

based on external noise in completely invertible maps
is left as a definite object of future research.
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