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Abstract

Inverse problem of reconstruction of dynamic displacements from the fringe pattern

generated by time average reflection moiré is investigated in this paper. A technique for

numerical simulation of time average smoothed reflection moiré fringes is proposed. The

smoothing procedure is incorporated into the finite element formulation of the problem.

Reconstruction of the field of deflections is illustrated for a centrally clamped disk. Such

techniques can be effectively exploited in hybrid numerical–experimental procedures for

different objects and grating geometries.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The problem of bending vibrations is common in different engineering and
physical applications. Bending vibrations of centrally clamped rotating circular disks
play crucial role in the functionality of hard disk drives [1,2]. Lot of efforts are spent
for dynamic stabilisation, control and measurement of bending vibrations in such
micro-mechanical systems [3].
see front matter r 2005 Elsevier Ltd. All rights reserved.
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Nevertheless, measurement of microscopic deflections from the state of equilibrium
is a challenging problem. Different optical measurement techniques are developed for
experimental investigation of bending vibrations [4]. Reflection moiré is one of the
popular methods for experimental analysis of bending vibrations of structures.

Unfortunately, interpretation of experimental measurement results is a non-trivial
inverse engineering problem often having non-unique solutions [5]. This is especially
relevant for time average reflection moiré applied for circular structures. Interpreta-
tion of fringes generated by time average techniques is already a challenging
problem. The problem gets only more complex if the grating lines are circular.

Therefore, there exists a definite need for hybrid numerical–experimental techniques
[5,6] that could help to interpret the measurement results. Such techniques usually
comprise a numerical model of the system coupled with optical and geometrical
parameters of the measurement set-up. Then the predicted response of the
experimental optical measurement system can be mimicked in virtual numerical
environment when the dynamical parameters of the analysed object are pre-defined.
Visualisation techniques of the results from finite element analysis are important due to
several reasons. First is the meaningful and accurate representation of processes taking
place in the analysed structures. Second, and perhaps even more important, is building
the ground for the previously mentioned hybrid numerical–experimental techniques.

2. The model of the system

The principle of the reflection moiré analysis [4] is presented in Fig. 1 where x, y

and z denote the axes of the Cartesian frame (y axis is not shown for simplicity). The
clamped circular disk in the status of equilibrium is in the plane x–y. It is assumed
that an ideal mirror film covers the surface of the disk. Moiré grating and the
photographic plate are parallel to the plane x–y. The distance between the
photographic plate and the analysed disk is d. The deflection of the plate is w. It
is assumed that the analysed vibrations are small and that dbw. The subscript
denotes partial derivative; N is the normal vector to the surface of the disk; u and v

denote x- and y-shifts of the reflected moiré grating with respect to the reflected
moiré grating in the status of equilibrium (shift v is not shown in Fig. 1). This is a
schematic representation of an optical set-up for reflection moiré analysis. Real
experimental implementation would require a semi-silvered mirror to be introduced
in order to assure that the moiré grating and the photographic plate would not
overlap each other [4]. Nevertheless, this would not alter the physical processes
taking place in the optical set-up and the simplified schematic representation can be
used for the numerical simulations.
3. Construction of the digital reflection moiré images

Finite element techniques [7] are used to construct the numerical model of a
centrally clamped circular disk. Plate bending element with the independent
interpolation of the displacement w and the rotations about the appropriate axes
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Fig. 1. Schematic diagram of reflection moiré measurement set-up.
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yx and yy is used [7]. Formation of digital reflection moiré images requires nodal
components of the derivatives of the deflection w. Therefore, nodal derivatives of the
transverse displacement must be calculated.

The derivatives of the deflection at the points of numerical integration of the finite
element are calculated in the usual way:

wx

wy

( )
¼ ½B�fd0g, (1)

where {d0} is the vector of nodal displacements, wx and wy are the derivatives of
w in x and y directions, and [B] is the matrix relating the derivatives with the
deflections:

½B� ¼

qN1

qx
0 0 � � �

qNn

qx
0 0

qN1

qy
0 0 � � �

qNn

qy
0 0

2
664

3
775, (2)



ARTICLE IN PRESS

M. Ragulskis et al. / Optics and Lasers in Engineering 44 (2006) 1209–12181212
where Ni are the shape functions of the finite element and n is the number of nodes of
the finite element.

Conventional FEM analysis techniques are based on the approximation
of nodal deflections (not their derivatives) via the shape functions [7,8].
Though the field of deflections is continuous in the global domain (also at inter-
element boundaries), the calculated derivatives are discontinuous due to the
operation of differentiation (Eq. (2)). As the pattern of reflection moiré
fringes is sensitive to the derivatives of deflections [4], there exists a need to
develop a technique for smoothing the field of those derivatives. Applicability
of conventional FEM would be inappropriate due to extremely dense meshing
required for production of sufficiently smooth pattern of fringes. Smoothing
technique based on conjugate approximation of the field of stresses [6] is
adapted for the problem of reflection moiré. Moreover, the smoothing technique
must handle data from dynamic analysis (the object of research is time average
reflection moiré).

First of all, the eigenmodes of the structure are computed using conventional
FEM displacement formulation. It is assumed that the structure performs harmonic
vibrations according to one of the eigenmodes (the vibration energy is concentrated
in one eigenmode). The appropriate eigenmode of derivatives of deflections is
obtained by minimising the following residuals:

1
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where m is the smoothing parameter, {dx} the vector of nodal values of wx, {dy} the
vector of nodal values of wy, and [N] is the row of the shape functions of the finite
element:

½N� ¼ ½N1; N2 . . .Nn�. (4)

Keeping in mind that the terms mððqwx=qxÞ2 þ ððqwx=qyÞÞ2Þ and mððqwy=qxÞ2 þ

ððqwy=qyÞÞ2Þ can be approximated as mfdxg
T½B��T½B��fdxg and mfdyg

T½B��T½B��fdyg,

respectively [10], step by step differentiation of Eq. (3) leads to the following systems
of linear algebraic equations for the determination of each of the components of the
derivatives:

ZZ
ð½N�T½N� þ ½B��Tm½B��Þdxdy � fdxg ¼

ZZ
½N�Twx dxdy,ZZ

ð½N�T½N� þ ½B��Tm½B��Þdxdy � fdyg ¼
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where [B*] is the matrix of the derivatives of the shape functions (the first row with
respect to x; the second with respect to y):
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The technique of the selection of the magnitude of the smoothing para-
meter is based on average finite element error norms [6]. When the smoothing
parameter is too small, the images are insufficiently smooth because of the strains
calculated from the displacement formulation. When the parameter is too big, an
over-smoothed image is obtained which can be far from the experimental reflection
moiré image.

Digital formation of the time average reflection moiré images is similar to
the problems of time average geometric moiré, which are described in detail in [9].
The formation of fringes in reflection moiré is sensitive to deflection derivatives [4].
Thus, the difference between the reflection moiré and geometric moiré [4] is that
instead of dynamic displacements u and v, the following values are used in the
reflection moiré:

u ¼ 2dwx; v ¼ 2dwy. (7)

4. Analysis of centrally clamped disk

Finite element mesh and the tenth eigenmode of a centrally clamped disk are
shown in Fig. 2. The mesh in the status of equilibrium is grey and deflected according
to the eigenmode is black. Isolines of the partial derivatives of the dynamic
Fig. 2. The tenth eigenmode of the centrally clamped disk.
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displacement in radial and angular directions are presented in Fig. 3a and b.
Smoothed isolines (m ¼ 0; 1) of the partial derivatives of the dynamic displacement
are presented in Fig. 4a and b. It can be noted that rather small smoothing enables to
avoid unphysical breakings of the isolines.

Time average reflection moiré images are presented in Fig. 5a and b for radial and
angular gratings, respectively. It can be noted that the correspondence between the
pattern of fringes and the isolines is evident.
Fig. 3. Unsmoothed isolines of the derivatives of the deflection (a–in the radial direction; b–in the angular

direction).

Fig. 4. Smoothed isolines of the derivatives of the deflection (a–in the radial direction; b–in the angular

direction).
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Fig. 5. Time average reflection moiré images (a–radial grating; b–angular grating).
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5. Quantitative analysis of dynamic deformations

Time average fringe-based experimental methods can be effectively applied for the
analysis of dynamic deformations. A typical example when time average geometric
moiré is applied for measurement of plane motions is presented in [9]. The explicit
relationship among the fringe order n, pitch of the grating l and dynamic one-
dimensional displacement u is [9]

u ¼
l
2p

bn, (8)

where bn is the nth root of the zero-order Bessel function of the first kind. The values
of the roots of the zero order Bessel function of the first kind are available in classical
texts [10].

Time average reflection moiré analysis is sensitive to bending vibrations, not plane
motions. But analogous relationship can be constructed taking into account Eq. (7):

wx ¼
l

4pd
bn. (9)

It can be noted that the component wy can be reconstructed in a similarway but
using a mutually orthogonal grating. In general, all optical moiré techniques can be
used to reconstruct physical quantities in the direction orthogonal to the lines of the
gratings [4]. If the grating lines are circular in the analysed problem of centrally
clamped disk, only the radial derivative of deflection wr can be reconstructed using
such a grating.

The goal of experimental analysis of bending vibrations of a clamped disk is to
determine the field of dynamic deflections, not their derivatives. Keeping in mind
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that the internal radius of the disk r0 is fastened, the dynamical deflections can be
reconstructed integrating the approximated derivatives:

wðrÞ ¼

Z r

r0

W rðrÞdr; (10)

where W rðrÞ is an approximated polynomial over the discrete values of wr at the
centres of interference fringes.

The procedure of the reconstruction of dynamic deflections from the pattern of
interference fringes is illustrated by the following example. First of all, the derivatives
of the deflections at the centres of interference fringes must be determined. This
requires application of the fringe counting technique [4]; then Eq. (9) can be used to
calculate the discrete values of the derivatives of the deflection.

The zoomed part of the pattern of fringes produced by time average mirror moiré
for the tenth eigenmode of the internally clamped disk is presented in Fig. 6.
Dynamic deflections are reconstructed along an axial line going through the area of
maximum deflections. Fringe counting is straightforward due to the fact that the
internal radius of the disk is fastened; fringe orders are shown at the appropriate
intersections of fringes and the axial line. The clamped internal radius of the disk is
100mm, free external radius is 140mm and the width of the analysed disk section is
40mm. Pitch of the grating l ¼ 2:5mm; distance between the photographic plate
and the clamped disk d ¼ 100mm. For simplicity, it is assumed that the parameter r
Fig. 6. Zoomed time average reflection moiré image with radial grating.
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Fig. 7. Reconstruction of the dynamic deflection.
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is equal to 0 at the point where the internal radius of the disk is fastened (r0 ¼ 0).
Then the analysed range of r is between 0 and 40mm.

The discrete values of the derivative of the deflection are calculated at appropriate
intersection points (Fig. 7), where x-coordinates of the points are calculated from
Fig. 6 and y-coordinates from Eq. (9). Next step is the approximation of continuous
deflection derivative function W rðrÞ through the discrete values of wr (Fig. 7). Some
scattering of points around the approximated polynomial can be explained by the
measurement errors of the centres of interference fringes. Finally, dynamic
deflections of the clamped disk can be reconstructed integrating the approximated
polynomial (Eq. (10)). The produced curve (Fig. 7) characterises the dynamic
behaviour of the disk. Good adequacy between the reconstructed dynamic
deflections and the geometrical shape of the disk in its extreme deflection (Fig. 2)
validates the presented procedure.
6. Concluding remarks

A whole set of problems had to be solved before the numerical construction of
moiré fringes was possible. First of all, the image smoothing procedures had to be
developed for the reflection moiré analysis due to the fact that the displacement-
based (not deflection derivative based) finite element methods were used for the
description of investigated engineering structures. Secondly, digital time averaging
techniques had to be applied in order to generate fringe patterns corresponding to
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time average reflection moiré fringes. Finally, techniques for solving the inverse
problem of the reconstruction of the deflections from the pattern of fringes had to be
developed.

The presented technique for interpretation of fringes is applicable in hybrid
numerical–experimental time average reflection moiré analysis of bending vibrations
of different engineering structures and shows the complexity of the inverse problem
of the reconstruction of dynamic displacements. Such techniques can help to analyse
and interpret optical experimental results with greater precision.
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