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In this article, a general fractional-order derivative of the Riemann-Liouville
type with the non-singular kernel involving the Rabotnov
fractional-exponential function is addressed for the first time. A new general
fractional-order derivative model for the anomalous diffusion is discussed in
detail. The general fractional-order derivative operator formula is as a
novel and mathematical approch proposed to give the generalized
presentation of the physical models in complex phenomena with power law.
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Introduction

General fractional calculus (GFC) [1-4], as a general version of FC acting on the singular
(power-law) kernel containing the pioneers, e.g., Liouville [5], Riemann [6], Weyl [7], Sonine [8],
Caputo [9] and others (see [1]), has been successfully applied to describe some physical processes in
complex phenomena. The general fractional-order derivatives (FDs) and general fractional-order
integrals (FIs) with the non-singular kernels of the functions, such as the exponential function[10],
Miller-Ross function[11], Lorenzo-Hartley function[12], Gorenflo-Mainardi function[13], Bessel
function[14], Mittag-Leffler function[15], Wiman function[16], Prabhakar function[17], sinc
function[18], and others [19].

In 1948, the fractional exponential function (also called the Rabotnov fractional
exponential (RFE) function[1]) was proposed by Rabotnov [20] and developed to model the internal
friction given in [21]. The general FDs in the sense of the Liouville-Caputo type with the non-singular
kernel of the RFE function was reported in [22]. However, the general FDs in sense of the
Riemann-Liouville type with the non-singular kernel of the RFE function have not been considered to
the best of our knowledge.

By the motivation of the tasks involving the physical phenomena with power-law and
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complex behaviors following the RFE function, the target of the paper is to derive the general FDs of
the Riemann-Liouville type with the non-singular kernel involving the RFE function and their
properties, and to present a general FD model for the anomalous diffusion. The structure of the article
is designed as follows. In Section 2, the concepts and properties of the general FDs involving the RFE
function are introduced. In Section 3, a typical example for the general FD diffusion model is
considered. Finally, the conclusion is drawn in Section 4.

A new GFC of Riemann-Liouville type with the RFE kernel

Suppose thatC, R, R;, N and Njare the sets of complex numbers, real numbers,
non-negative real numbers, positive integers and N, ={0} U N respectively. Let L(a,b) be the set
of those Lebesgue measurable functions on a finite interval (a,b) (—o<a<hb<+w) (for more
details, see[1,14]). Suppose that AC (a,b) (—oo <as<h< +oo)and AC* (a,b) (—oo <as<h< +oo)are the
Kolmogorov-Fomin condition (see[1,23]) and the Samko-Kilbas-Marichev condition (see [1,14]),
respectively.

General Fls with the RFE kernel

The general FI with the RFE kernel in the interval on a finite interval (a,b)
(-0 <a<h<+wx)is given as:

(1) (2) = 1M1 (2)= M, (~(z = )" )TI(t)dt, (1)

where ITel(a,b), yeR}, and the RFE function is defined in [1,20-22] as

( ta):i( 7/ p+1)(a+1)71 (2)
SR r<(p+1><a+1>>

with peNj.

From (1) we have[22]

(o1M)(7)=, 1M1 () = M, (=7 (7 =1)" (1), 3)

where a=0, HeL(a,b)and y€Ry, and from [22], we have

(1m)(e)=111(7) = [ M, (=7 (7 =1)" )1(t)ct, @

—00

whereIl e L(—oo,b)and y€Ry, and from [22] we have

(o1 (7)=, 1M () = [ M, (7 (7 =1)" ) (t)ct. 5)



whereITe L(0,4+) and y eRj;.

General FDs of the Liouville-Caputo type with the RFE kernel
The left-sided general FD of the Liouville-Caputo type without the singular kernel of the
RFE function on a finite interval (a,b)is given in [22] as:

T

(4$p4m)(r)="m 1 (r)=, 1 (0" () = [ M, (< (z 1) )1 (t) et 6)

a

andthe right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the RFE

function on a finite interval (a,b)as [22]
(*<{m)()="pf n(z) =, 1) (0 (7)) == M, (~7(t - 7)) (1), (7)

whereITe AC(a,b)and y e R}.

For a =1 we have the same results as in [1,16].
The left-sided general FD of the Liouville-Caputo type without the singular kernel of the
RFE function on a finite interval (a,b)is given as in [22] as:

(4Dl (r) =" ()= 1t (H(n)(r))sza(—}/(r—t)a)H(n) (t)dt, )

and right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the RFE

function on a finite interval (a,b)is given as in [22] as:
(*S{mm)(r)="mi"r1(r)=, 1 (" (2)) = (-1)" [M, (=7 (t-7)" I (), )

where e AC"(a,b), neNand yeRj;.

For a=0 we have from (6) and (9) that

T

(454 (r)="5 DM (r)=, 1 (N (£)) = [ M, (= (z 1) ) (1), (10)
and

(45D (z)="5Dl"11(7) M, (=7 (z=t)" )1 (t)at. (11)
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The left-sided general FD of the Liouville-Caputo type without the singular kernel of the
RFE function on the real axis R is given as [22]:

(*p\m)(r)="ni 1 (r)=1) (10 (7)) = [ M, (- (c =) )0 (t)dt, (12)

+

—00

and the right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the RFE
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function on the real axis R as [22]

(*n)(r)="D" 1 (r)=1) (" ()) = —T M, (=7 (t-2)" ) (t)et, (13)

T

whereITe AC(-w,+0)and y e R;.

The left-sided general FD of the Liouville-Caputo type without the singular kernel of the
RFE function on the real axis R is given as in [22] as:

T

(*pl"m)(c)="ni "1 (r)=1¢) (1 () = [ M, (= ( =t)" )T (), (14)

and right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the RFE
function on the real axis R ig given as in [22] as:

(*Dm) ()= D (c)=1) (" (£)) = (-1)" [ M, (~#(t-2)" ) ()at,  (15)
where ITe AC"(—0,+®), neNand yeR;

General FDs of the Riemann-Liouville type with the RFE kernel

The left-sided general FD of the Riemann-Liouville type without the singular kernel of
the RFE function on a finite interval (a, b) is defined as

(F8m)(e)- () () = M (et e, e

and right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the RFE

function on a finite interval (a, b) as
(") (2)="m{ 1 (0)=—= (I M(7)) = - [ M, (~7 (t=7)" (), (17)

whereITe L(a,b)and yeRj.

The left-sided general FD of the Riemann-Liouville type without the singular kernel of
the RFE function on a finite interval (a, b) is defined as

(%D (7) =" Dl (7) = dd;n (,111(c)) = dd;n M, (=t )n()et. s

a

andthe right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the RFE

function on a finite interval (a, b) as

n n b
(R';HJ)E)a’n)H)(T)ZR';HJ)E)a’n)H(T)=;Tn (.11 (e)) = (1) ddrn M, (~(t-2) )n(a. (9)

T
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where HeL(a,b), neNand yeRj.

For a=0 we have from (16) and (19) that

( RI(_)]D)(T‘Z)H)(Z.): R(L)]D)(TH)H(T)Z%( o]I(Ta)H(T)) :%j‘ M, (—}/(z' —t)a )H(t)dt , (20)

and

- dd;n .T[I\/Ia (-t )n@)dt. e

0

(pn)(e)-nton(s)- S o)

The left-sided general FD of the Riemann-Liouville type without the singular kernel of
the RFE function on the real axis R is defined as

(RL®§“>H)(T)=RLHD&“)H(T):d%(HS“)H(r)) _ 4w, (<7 (z=t)")ra(t)at, (22)

and right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the RFE
function on the real axis R as

(D) (2)=" DM (r)=——(1“)11(2)) == [ M, (= (t=2)" (), (23)

whereIT e L(—w0,+)and y e R}.

The left-sided general FD of the Riemann-Liouville type without the singular kernel of
the RFE function on the real axis R is defined as
d"

(RL]D)(f’n)H)(r)=RLD&“’")H(I)=dd;n (1971(7)) = ey M, (-7 (=t )n(D)dt,  @4)

and right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the RFE
function on the real axis R as

d" d" ¢
RLy(@) —Rip(@) = (@) (-1 —(t=7)"
(Fp'“n)(z)="Dr1(7) - (111(2)) = (1) - jm( y(t-o) )(t)de,  @s)
where ITel(—0,+0), neNand yeR;.
For II(z)|,.,=T1(0) there exists
Li]D)(ra)H(r) = R;I[D(T“)H(r)— M, (—yf“)H(O) . (26)

General Fls via the Prabhakar function

The left-sided general FI of H(r) is given as [22]:

T

a]I(f’")H(r){[Ea (_y(f —t)” )H(t)dt= [z E (—}/(z' —t)*" )H(t)dt 27)

a

5



and the right-sided general FI of H(r) as

b

,]IE“’")H(r)=—TEa(—y(t—r)“)l‘{(t)dt=—_|.(t— ) Ealﬂn(aﬂ)(—y(t—r)a“)n(t)dt (28)

T

where HeL(a,b), neN, yeR;, and Ea(—y/r“)z ey )(—77“”) with the

a+1,n—| a+1

Prabhakar function, given as in [1,24]:

The left-sided general FI of H(r) is given as:

T T

10 (r)= [ 2, (<7 (s =) () dt= [ (=) T EL oy (7 (e =) )TI(R)de 29)

—0 —0

and the right-sided general FI of H(r) as

[1]

1“M(z)=- [ 2, (~r(t-2) Q) dt=[ (t=0) T EL oo ((t-2)" (DAt G0)

where ITel(-w,+0), neN,and yeRj.

The properties for the general FDs and Fls are as follows:
(I)Let ITel(ab)andne N. Then R"HD“" ( 1“1 )) I(7);

(ILet TTe (oo, +00)andn e N. Then "D\ (11°"11(7)) = T1(7);
(I Let TTe AC"(a,b)andne N. Then S\ (,I“"TI(r))=TI(z);
(ImLet TTe(—o,+00)andn e N. Then " D{*" (11”11 (7)) = T1(7).
The Laplace transforms of the general FDs are as follows:
G| Din(r) [=s7 (14 25! )71 M(s)— I“"11(0) 31)

and
G[R;}D(j’”)n(r)]=s”*<““>(1+zs*(“”) ZS"”I[ 77[ (“’")H(O)U’ (32)

where the Laplace transform of ¢ (T) is [1]

6[a(r)]=9(s)= [0 (r)dr (33)

with seC.

For ,1'“"I1(0)=0 we have from (31) that



G| DL(r) [=5 1+ 25" )71 m(s). (34)

A general FD diffusion model with the RFE kernel

We now consider the anomalous diffusion model containing the general FDs of the
Riemann-Liouville type with the RFE kernel

O’y (X,7)

oy (xr)= £ (36)

with the initial condition 0JI(T"”I)y/(X,O):O and the boundary conditions: (0,2‘):1 ,

7% ( X, T) —0,X > 0,7 >0, where & is the diffusivity constant, and

T

(a) N 8 a
Rt W(x,r)—g.!;Ma(—y(r—t) )l//(X,Z')dt. (37)

With the use of the Laplace transform of (36) with respect to the variable 7 , we can get

1
A2y (xs) S“(1+ast
V;)((z )z ( : )l//(X,S), (38)

which, due to the boundary conditions, this implies that

X v
. s’“(lﬁ-is’(”‘”))iI . [_J
e ¢ - Zis-w (1 + A7 ) . (39)

vixs)= ZT(1+0)

The general solution for (36) can be represented as follows:
[_X ”

o\ e
v(xt)=2, I'(1+0)

v=0

p=0 (,00! +U(Z)F(U) F(p+ 1) pr 1"(1+U) a+lva

{ir r'(v+p) (ﬁ)pr(“”)in(\Ej PR (<40 (40)

Conclusion

In the present work, we proposed the general FD of the Riemann-Liouville type with the
non-singular kernel involving the RFE function. With the aid of the presented Laplace transforms, the
general FD model for the anomalous diffusion with the solutions containing the Prabhakar function
was investigated in detail. The formula of the general FD of the Riemann-Liouville type can be given
to explore the mathematical models in physics and engineering practice.
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Nomenclature
« - fractional order, [-] X - space coordinate, [m]
¢ - diffusivity constant, [m®/S] T - time, [s]
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