
THE STRUCTURE OF MOIRÉ GRATING LINES AND ITS
INFLUENCE TO TIME-AVERAGED FRINGES

G
eometric moiré 1,2 is a classical in-plane whole-field
non-destructive optical experimental technique
based on analysis of visual patterns produced by
superposition of two regular gratings that geomet-

rically interfere. Examples of gratings are equispaced parallel
lines, concentric circles, and arrays of dots.2,3 The gratings
can be superposed by double-exposure photography, by reflec-
tion, by shadowing, or by direct contact.4,5 Moiré patterns are
used to measure variables such as displacements, rotations,
curvature, and strain throughout the viewed area. In-plane
moiré is typically conducted with gratings of equispaced, par-
allel lines.2,4

A moiré grating on the surface of a one-dimensional structure
in the state of equilibrium can be interpreted as a periodic
variation of black and white colors. Continuous harmonic
moiré functions are well applicable for digital image process-
ing in computational environments2:
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where x is the longitudinal coordinate, l is the pitch of the
grating, F(x) is the grayscale level, numerical value 0 corre-
sponds to black color, and 1 corresponds to white color.

Double-exposure geometric moiré techniques can be extended
to time-average geometric moiré methods when the moiré
grating is formed on the surface of elastic oscillating struc-
tures, and time-averaging techniques are used for registra-
tion of time-averaged patterns of fringes.6,7 Let us assume
that the deflections from the state of equilibrium oscillate in
time. If time-averaging techniques are used to register the
image of the oscillating structure, and the exposure time is
much longer than the period of oscillation, the resulting pat-
tern is formed as an integral sum of the continuous process of
motion:
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where HAF(x) is the operator of time averaging of a grayscale
function,8 T is the exposure time, A is the amplitude of oscil-

lations, v is angular velocity, u is phase, J0 is the zero-order
Bessel function of the first kind. The explicit relationship
among the fringe order, pitch of the grating, and dynamic
displacement is obtained from the condition requiring that
the value of the Bessel function is equal to 0 at the center of
the time-averaged fringe:
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where rn is the nth root of the zero-order Bessel function of the
first kind.

The result in Eq. 3 is clear and simple; it enables straightfor-
ward applicability of inverse engineering techniques for
reconstruction of dynamic deflections from patterns of time-
averaged fringes. Automatic, semiautomatic, or even manual
fringe-counting techniques can be used for numerating
fringes and determining the orders of Bessel function’s roots
in Eq. 3.

The result in Eq. 3 is based on the assumption that the var-
iation of grayscale in the moiré grating (in the state of equi-
librium) is governed by a harmonic function (Eq. 1). But
whenever a geometric moiré grating is considered in a practi-
cal application, one usually has in mind an array of dark and
bright bands on the surface of the analyzed structure. How
would the relationship among the fringe order, pitch of the
grating, and dynamic displacement change then?

Moreover, printing of dark bands on a bright deformable sur-
face (or bright bands on a dark surface) is not always a simple
technical task. What would happen if the width of the dark
bands is not equal to 0.5 of the pitch of the grating? How can
the time-averaged fringes be interpreted if, for example, the
width of the dark bands is equal to one-third of the pitch?

The objective of this article is to give answers to the aforemen-
tioned questions and provide insight into the formation of
time-averaged fringes generated by more complex moiré
gratings.

ANALYTICAL RELATIONSHIPS

Suppose that a periodic one-dimensional grayscale function
F(x) with a period 2l can be expanded into a Fourier series:
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where a0, an, and bn are Fourier expansion coefficients (real
numbers). Let us assume that F(x) defines grayscale level on
a surface of a one-dimensional structure and that structure
oscillates in time. Then, time-averaged grayscale image of
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this oscillating structure (when time of exposure tends to
infinity) could be expressed in the following form8,9:
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where HA is the time-averaging operator.8

The analytical relationship described by Eq. 5 enables explicit
analysis of the formation of time-averaged fringes for a step-
ped grayscale function:
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where parameter s determines the width of the dark band; 0 <
s < 1 (Fig. 1b). It must be noted that the dark band of the
stepped function is located symmetrically around the center-

line of the pitch even if the grating itself is asymmetric in the
sense that the widths of dark and white bands are not equal.

Expansion of the stepped grayscale function in a Fourier
series yields the following expressions of the coefficients in
Eq. 4:
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Now, the time-averaged digital image can be expressed in the
form of Eq. 5 at 2l 5 l. A computationally reconstructed pat-
tern of fringes is shown in Fig. 2b. Though time-averaged
fringes are clearly visible by a naked eye, it is quite hard to
identify the exact location of the centerlines of those fringes.
Therefore, we calculate standard deviation of the grayscale

Fig. 1: Grayscale functions F(x) (the first column), their representation in the grayscale color format (the second column),
and Fourier amplitude spectrum (the third column) for (a) harmonic function, (b) stepped function, and (c) stochastic
grayscale function
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March/April 2009 EXPERIMENTAL TECHNIQUES 61



level around 0.5 at fixed A. It can be noted that these calcu-
lations are straightforward for harmonic moiré grating:
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Computationally reconstructed standard deviation s(HAF(x))
for harmonic moiré grating (Fig. 2a) shows sharp centerlines

at such amplitudes A where 2p
l

A 5 rn (Eq. 9). Standard devia-
tion for stepped moiré grating at s 5 0.5 also shows clear local
minimums exactly at the same amplitudes as for harmonic
moiré grating. The first important conclusion is that the pat-
tern of centerlines of time-averaged fringes generated by har-
monic and stepped symmetric moiré gratings coincide.

ASYMMETRIC GRATINGS

Next, we investigate the pattern of time-averaged fringes pro-
duced by asymmetric stepped moiré grating. First, we assume
that s 5 0.8. The pattern of time-averaged fringes and stan-
dard deviation are shown in Fig. 3a. Dashed lines correspond
to centerlines of time-averaged fringes produced by harmonic
grating and pointed dashed lines by asymmetric stepped
moiré grating. A shift of the centerlines toward higher ampli-
tudes can be observed in Fig. 3a. By the way, amplitude incre-
ments for fringes of different orders are practically identical.

Analogous simulations are performed for asymmetric stepped
moiré grating at s 5 0.2 (Fig. 3b). Again, a shift of the center-
lines can be observed. Interesting is the fact that this shift
also occurs toward higher amplitudes.

Fig. 2: Computationally reconstructed pattern of fringes for
symmetric moiré gratings: (a) harmonic grating, l 5 0.7 and
(b) stepped grating, s 5 0.5, l 5 0.7

Fig. 3: Computationally reconstructed pattern of fringes for
asymmetric stepped moiré grating: (a) s 5 0.8, l 5 0.7 and
(b) s 5 0.2, l 5 0.7
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Amplitude increments (shifts of the centerlines of time-
averaged fringes) for different coefficients of asymmetry s
and pitch l are quantified in Fig. 4a. Nondimensional shifts
of the centerlines of time-averaged fringes generated by
stepped moiré gratings are presented in Fig. 4b. The result
in Fig. 4b enables construction of an empirical relationship
approximating the observable shifts:

DA� lðs20:5Þ2

ð0:5pÞ2
; ð10Þ

where DA is an increment in amplitude caused by the asym-
metry of the moiré grating.

Equation 10 is an important approximation for a practicing
experimentalist. If the widths of the dark and white bands (in
the static moiré grating) are more or less the same, one can
relate the order of time-averaged fringe with the magnitude of
dynamic deflection (using Eq. 3) with high confidence. If the
widths of the dark and white bands are considerably different,
one should keep in mind that the centerlines of time-averaged
fringes are a little bit shifted compared to the classical result
in Eq. 3. However, this shift is rather small. Moreover, it is not
so easy to determine the exact centerline by a naked eye

(Fig. 3a and b). Thus, the magnitude of the shift of the center-
lines should fall into the general budget of uncertainties if the
detection of the time-averaged fringes is performed without
digital image processing techniques. We demonstrate the fact
by an experimental test setup comprising a rubber sample,
shaker, and a digital camera (Fig. 5).

EXPERIMENTAL INVESTIGATIONS

First, an array of dark bands is formed on the flat surface of
a rubber bar. The pitch of the grating is l 5 1 mm; the width of
dark and white bands coincide (s 5 0.5). The left part of the
rubber bar is fixed to a shaker. The frequency of the shaker is
set to a level, which corresponds to the second natural fre-
quency of the rubber bar: v 5 25 Hz (Fig. 6a). The pattern
of time-averaged fringes is visible by a naked eye—it is also
well identifiable in an image produced by digital camera with
exposure time T 5 2s.

Next, the moiré grating (the array of dark bands) is washed
from the surface of the rubber bar, and another asymmetric
moiré grating is formed on the same surface. The pitch of the
grating is kept the same; the coefficient of asymmetry is s 5
0.75. The rubber bar is again fixed at the same position, and
the frequency is again set to v 5 25 Hz which guarantees the
same field of dynamic deflections as in the previous experi-
ment (Fig. 6b).

The patterns of time-averaged fringes in Fig. 6a and b look
very much alike. As mentioned previously, it is quite hard to
detect the exact location of the centerline of a time-averaged
fringe by a naked eye. Of course, digital image processing
techniques could detect the shift of the centerlines of fringes
generated by the asymmetric grating.

In fact, one can construct even more complex gratings than
stepped grayscale functions. We still consider an array of par-
allel bands, but we assume that the variation of the grayscale
level in a band can be much more complex than a stepped
function. As an example, we generate a set of random num-
bers evenly distributed in interval [0;1] and interpolate these
numbers in one pitch of the grating (Fig. 1c). Computational
experiments (Fig. 7) show that even stochastic (but necessar-
ily periodic) moiré grating can produce interpretable time-
averaged fringes. If the main peak of the Fourier amplitude
spectrum of the stochastic signal determining grayscale

Fig. 4: Shifts of the centerlines of time-averaged fringes:
(a) shifts at different pitches: l1 5 1.5, l2 5 1.3, l3 5 1.1,
l4 5 0.9, l5 5 0.7, l6 5 0.5 and (b) nondimensional shifts; solid
line represents numerically measured shifts and dashed line
represents analytical approximation

Fig. 5: Experimental setup comprising shaker and rubber bar
with moiré grating printed on its surface
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variation inside one pitch occurs at frequency 2p
l

(Fig. 1c), one
can be more or less sure that time-averaged fringes indicate
dynamic displacements within the limits of engineering accu-
racy, though it could be quite hard to detect the centerlines of
time-averaged fringes by a naked eye (Fig. 7). Anyway, one
must be very careful with the interpretation of time-averaged
digital image if the peaks of other frequencies in the Fourier

amplitude spectrum would be comparable to the main peak
corresponding to the dimension of the pitch of the grating.

CONCLUSIONS

The objective of this article was to demonstrate the effects of
the structure of moiré gratings to time-averaged moiré
fringes. It must be noted that only gratings comprised from
arrays of parallel lines are considered here. Nevertheless, the
apparent simplicity of the problem is misleading—explicit
relationship among the fringe order, pitch of the grating,
and dynamic displacement is available only for grayscale har-
monic gratings. It is clear that it is unrealistic to expect that
a practicing experimentalist would contemplate a grating
with harmonic variation of grayscale level—instead, one
would use a simple array of dark and white lines.

It is shown that the centerlines of time-averaged fringes pro-
duced by stepped symmetric and harmonic moiré gratings
coincide (as expected). But the situation becomes more com-
plex when the widths of dark and white bands (in a pitch of the
grating) are not equal. Then, the centerlines of time-averaged
fringes are shifted in the amplitude domain. Surprisingly,
these shifts occur in the same direction, whether the width of
the dark band is larger or smaller than the width of the white
band.

Advanced strain measurement and control tools (including
geometric moiré techniques) are regarded as primary technol-
ogy drivers in such industries as micro-electro-mechanical
systems fabrication and high-precision machine tools manufac-
turing. Accurate interpretation of experimental measurement
results is one of the crucial factors enabling minimization of the
general uncertainty budget. Therefore, one must pay consider-
able attention to the formation of moiré gratings before
straightforward interpretation of the experimental results.
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Fig. 6: Experimental time-averaged images: (a) symmetric
grating, s 5 0.5 and (b) asymmetric grating, s 5 0.75

Fig. 7: Computationally reconstructed pattern of fringes for
stochastic grayscale moiré grating
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