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The extended invertible Logistic map and its properties are investigated in this paper. It is
demonstrated that initial conditions of the extended invertible Logistic map can yield trajectories
of three different types. Dedicated algorithms are used to prove the existence of transient Wada-
type boundaries in the phase plane of initial conditions. An adaptive control technique for
the temporary control of the divergence of the extended invertible Logistic map is proposed.
This control technique is based on short impulses and exploits the properties of the Wada-
type boundaries. Computational experiments are used to illustrate the efficacy of the proposed
technique.
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1. Introduction

The Logistic map is a paradigmatic model of a simple discrete nonlinear system which exhibits chaotic
dynamics [May, 1976]. The discrete logistic map is one of the most famous and thoroughly explored discrete
chaotic maps with a huge variety of applications in different areas of science and engineering.

Many variations and modifications of the Logistic map have been introduced in recent decades. The
Logistic map over integers is introduced in [Miyazaki et al., 2010]. Fractional logistic maps are investigated
in [Xiao et al., 2014]. The concept of the random logistic map is introduced in [Dai, 2000]. Coexistence
of attractors in q-deformed Logistic map is studied in [Jaganathan & Sinha, 2005]. The quasiperiodically
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forced logistic map is discussed in [Yet et al., 2011]. The properties of the Logistic map of matrices are
investigated in [Navickas et al., 2011]. The quantum logistic map is exploited in image encryption schemes
in [Akhshani et al., 2012]. A two-dimensional logistic coupled map lattice is used to explore the Turing
instability in [Xu et al., 2010]. We admit that the presented examples of the modified Logistic maps cover
only a small part of the large variety of existing models.

The reason why an invertible Logistic map is investigated in this paper is twofold. Firstly, it has
been shown in [Landauskas & Ragulskis, 2014] that a pseudo-stable manifold may exist in a completely
invertible system (a bouncer system is investigated in [Landauskas & Ragulskis, 2014]). This pseudo-stable
manifold enables to design a control technique for temporary stabilization of unstable orbits [Landauskas
& Ragulskis, 2014]. Therefore, the first objective of this paper is to investigate if similar effects do emerge
in a completely invertible Logistic map.

Secondly, the Logistic map is used only as a paradigmatic example. The ability to modify the Logistic
map (which is non-invertible by the definition) to a completely invertible Logistic map – and then to
develop temporary stabilization techniques of the modified map – would open new interesting possibilities
for application of such techniques to many different discrete nonlinear non-invertible systems.

2. Preliminaries

2.1. Asymptotic and non-asymptotic convergence to stable and unstable orbits

The standard Logistic map reads:

xk+1 = axk (1− xk) (1)

where 0 ≤ a ≤ 4; 0 ≤ x0 ≤ 1; k = 0, 1, 2, . . . .
It is well known that the Logistic map is a non-invertible map. Backward iterations in time can be

used to reveal the peculiarities of the convergence processes for the Logistic map [Ragulskis & Navickas,
2011]. Three different transient processes are illustrated in Fig. 1 at a = 3.3. A stable period-2 orbit exists
at a = 3.3 – an asymptotic convergence to this orbit from the initial condition x0 = 0.71 is illustrated in
Fig. 1(a). The first three iterations of the transient process mapped onto the pattern of H -ranks are shown
in Fig. 1(b) (the pattern of H -ranks represents the rate of convergence of transient processes [Ragulskis &
Navickas, 2011]).

However, an asymptotic convergence to a stable period-2 orbit is not the only possible transient process
at a = 3.3. An initial condition placed on the manifold of non-asymptotic convergence yields a transient
process which results into the period-2 orbit in a finite number of time-forward steps (Fig. 1c). Note that it
is possible to select such initial conditions which would result into a finite transient process of any requested
length [Ragulskis & Navickas, 2011]. Fig. 1d illustrates the first three iterations mapped on the pattern of
H -ranks.

Finally, non-asymptotic (finite) transient process to the unstable period-1 orbit is illustrated in Fig. 1e.
Again, the initial condition is selected in such a way that only two time-forward iterations yield the period-1
orbit. Note that patterns of H -ranks play a crucial role in the identification of proper initial conditions –
these patterns reveal intertwined structure of manifolds [Ragulskis & Navickas, 2011].

2.2. Computational reconstruction of patterns of H-ranks

The numerical construction of the pattern of H -ranks is a straightforward procedure for the Logistic map.
Two parameters (a and x0) span the phase plane of H -ranks; the color of every pixel determines the
algebraic complexity of the according transient process.

The formal definition of the H -rank for a sequence of numbers implies that a sequence of determinants
of Hankel matrices should be equal to zero starting from a certain dimension of the matrix [Kurakin et al.,
1995]. Hankel transform of a scalar sequence of real numbers {xk}+∞

k=0 yields the sequence {hk}+∞
k=0 where

hk = detHk and Hk = (xk+l−2)1≤k,l≤(k+1) is a Hankel matrix (matrix dimensions are (k + 1) × (k + 1)).

If there exists such n ≥ 1 that hn−1 6= 0 but hk = 0 for all k ≥ n, then {xk}+∞
j=0 is a linear recurrence

sequence and its order is n.
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Fig. 1. Three different transient processes from different initial conditions for the Logistic map at a = 3.3. Parts a and b

illustrate asymtotic convergence to the stable period-2 orbit; parts c and d – non-asymptotic convergence to the stable period-2
orbit; parts e and f – non-asymptotic convergence to the unstable periof-1 orbit. Left columns show the evolution of xk; right
columns illustrate first three iterations on the pattern of H -ranks.

It is clear that direct computation of a sequence of determinants is a computationally ineffective and
inaccurate (what is demonstrated by the following example).

Let us assume that {xk}+∞
k=0 is a linear recurrence sequence and its order is n. Let Hk is a (k + 1) order

Hankel matrix constructed from {xk}+∞
k=0:

Hk =









x0 x1 · · · xk
x1 x2 · · · xk+1

· · · · · · · · · · · ·
xk xk+1 · · · x2k









. (2)

Then, the number of singular values of Hk not equal to zero is not higher than n [Landauskas et al.,
2017]. Thus, singular value decomposition (SVD) of Hk could be used for the determination of the H -rank
of {xk}+∞

k=0. But every real-world time series is contaminated by inevitable noise. Therefore, all singular
values produced by SVD will be greater than 0 (if the Hankel matrix is constructed from a real-world time
series). Fortunately, the properties of ǫ-H-spectrum of Hk allow to reconstruct the underlying algebraic
model of the system by computing the number of singular values greater than ε [Landauskas et al., 2017].
The following computational example is used to illustrate the reconstruction of the H -rank of the transient
process generated by the standard Logistic map.

A transient process started from the initial condition x0 = 0.71362 at a = 3.4892 is illustrated in
Fig 2(a). The sequence of absolute values of determinants produced by the Hankel transform of the sequence
x0, x1, x2, . . . is illustrated in Fig. 2(b). Note that the absolute values of determinants decrease until k = 10.
However, the sequence of determinants starts increasing again at k > 10 (Fig. 2(b)). Therefore, it could
be difficult to determine what is the H -rank of the sequence even at a fixed value of ε. However, the
sequence of singular values of H29 is monotonously decreasing (Fig. 2(c)). Therefore, the determination
of the algebraic complexity of the sequence at a fixed value of ε is a straightforward procedure if only
the sequence of singular values is considered – and such procedure will be used in further computational
experiments.
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Fig. 2. A sequence of singular values represents the complexity of transient processes of the logistic map. A transient process
at a = 3.4892 (x0 = 0.71362) is shown in part (a). The sequence of |h0| through |h29| is illustrated in part (b). The monotonous
sequence of singular values σi of H29 is shown in part (c).

2.3. Modification of the Logistic map into an invertible extended Logistic map

Let us consider a one-dimensional scalar non-invertible map xk+1 = f (xk), where k = 0, 1, 2, . . . is the
iteration number and f is the mapping function. Then, this map can be embedded into a two-dimensional
completely invertible map by using the following recurrence form [López-Ruiz et al., 2015; Huertas et al.,
1999]:

{

xk+1 = f (xk) + yk
yk+1 = bxk

(3)

where b ∈ R. Thus, the extended two-dimensional completely invertible Logistic map reads:

{

xk+1 = axk (1− xk) + yk
yk+1 = bxk

(4)

Note that an apparent similarity of Eq. (4) to the Logistic map with harvesting [Liz, 2010] is misguiding.
Eq. (4) represents a completely invertible system (the Logistic map with harvesting is non-invertible):

{

xk =
yk+1

b

yk = xk+1 − a
b2
y
k+1

(b− yk+1)
(5)

3. The extended invertible Logistic map and its properties

3.1. Fixed points and their stability

The derivation of fixed points for the extended invertible Logistic map is straightforward; two pairs of fixed
points do exist:

(

x1∗; y
1
∗

)

= (0; 0) ; (6)

(

x2∗; y
2
∗

)

=

(

1 +
b− 1

a
; b

(

1 +
b− 1

a

))

. (7)

Eigenvalues of the Jacobian matrix

[

a− 2ax 1
b 0

]

read: λ1,2 =
(a−2ax)∓

√
(2ax−a)2+4b
2 . We fix the param-

eter b = 0.1 and sweep parameter a from 0 to 4. The fixed point
(

x1∗; y
1
∗

)

is stable at 0 < a < 0.9. The

variation of eigenvalues computed at
(

x2∗; y
2
∗

)

are shown in Fig. 3. It can be seen that period-1 fixed point
(

x2∗; y
2
∗

)

is stable in the interval 0.9 < a < 2.9 (at |λ1,2| < 1).
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Fig. 3. Eigenvalues of the Jacobian matrix at
(

x2∗; y
2
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)

and b = 0.1.
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Fig. 4. Bifurcation diagrams of the extended completely invertible Logistic map at b = 0.1.
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Fig. 5. The evolution of the convergence set at a = 3.732 (part (a)); a = 3.733 (part (b)) and a = 3.735 (part (c)). The
parameter b is fixed to 0.1. Initial conditions resulting into diverging processes are labeled by white points.

Bifurcation diagrams of the extended invertible Logistic map at b = 0.1 and x0 = 0.5; y0 = 0.1 (Fig. 4)
validate these results. Note that the y-bifurcation diagram (Fig. 4(b)) is a scaled version of the x-bifurcation
diagram due to the multiplication operation in the second equality of the model (Eq. (4)).

3.2. The evolution of the convergence set

Note that bifurcation diagrams in Fig. 4 are terminated at around a = 3.85 (b is fixed to 0.1). This is
because transient processes at a > 3.95 (started from initial conditions x0 = 0.5; y0 = 0.1) do diverge.

Let us consider a phase plane (x0, y0) at a fixed value of a = 3.732 and b = 0.1 (Fig. 5(a)). A point
is black if the transient process started from the corresponding initial conditions does not diverge after
300 time-forward steps (the observation window is set to 0 ≤ x0 ≤ 1; 0 ≤ y0 ≤ 1). The computational
experiment is repeated for a = 3.733 (Fig. 5(b)) and a = 3.735 (Fig. 5(c)). It is interesting to observe that
the set of black points is dense at a = 3.732 (Fig. 5(a)), fractal at a = 3.733 (Fig. 5(b)) and becomes sparse
at a = 3.735 (Fig. 5(c)).

Graphical representation of the evolution of the convergence set at a continuously varying parameter
a is not a straightforward task (this convergence set becomes fractal at the onset of chaos). Thus, instead
of plotting a sequence of digital figures/images, we visualize the maximum value of y0 for which a corre-
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Fig. 6. The evolution of the convergence set at the varying parameter a (the parameter b is fixed to 0.1).
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Fig. 7. The relationship between the fractal dimension of the convergence set and the parameter a (the parameter b is fixed
to 0.1); in 100 time-forward steps.

sponding trajectory does not diverge for any 0 ≤ x0 ≤ 1 (Fig. 6). It is interesting to observe, that the
system converges to

(

x1∗; y
1
∗

)

for all 0 ≤ x0, y0 ≤ 1 at 0 ≤ a ≤ 0.9 (Fig. 6). However, the convergence set
becomes non-convex and finally fractal at increasing a (Fig. 6).

The transition of the convergence set to a fractal set can be assessed by computing its fractal dimension
in the observation window 0 ≤ x0, y0 ≤ 1. The resulting relationship between the fractal dimension of the
convergence set and parameter a reveals the complexity of transient processes and the sensitivity to initial
conditions at the onset to chaos (Fig. 7).

4. The extended invertible Logistic map as a system with exits

4.1. The classification of transient processes

Let us consider the extended invertible Logistic map at the onset to divergence at a = 3.735 and b = 0.1.
Firstly, it can be observed that the variation of xk is not limited to the interval [0, 1] (Fig. 8). Secondly,
if the discrete evolution process diverges – it diverges monotonically towards minus infinity (divergence
towards plus infinity is not possible).

This fact can be explained by the structure of the extended invertible Logistic map. Let us assume
that the process diverges to plus infinity (a > 1; 0 < b < 1). Assume that xk ≫ 1. But then xk+1 =
axk − ax2k + yk < 0; xk+2 < xk+1 ≪ −1. Thus, the assumption that a process can diverge to plus infinity
is negated by contradiction.

However, it appears that transient processes can be very different. The process can diverge right after
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Fig. 8. Transient processes of the completely invertible Logistic map at a = 3.735 and b = 0.1. Initial conditions
(x0 = 0.00375; y0 = 0.47875) yield a type (i) trajectory (transient processes diverge immediately after the sequence of xk
exceeds 1 for the first time – parts (a) and (b)). Initial conditions (x0 = 0.99375; y0 = 0.475) yield a type (ii) trajec-
tory (transient processes diverge after the sequence of xk exceeds 1 multiple times – parts (c) and (d)). Initial conditions
(x0 = 0.49875; y0 = 0.00625) yield a type (iii) trajectory (the sequence of xk exceeds 1 multiple times, but transient processes
do not diverge in 600 forward iterations – parts (e) and (f)).

xk exceeds 1 for the first time (Fig. 8(a)). But situation can be completely different. The chaotic sequence
of xk (started from different initial conditions) may exceed 1 for many times – until the process diverges
after 486 time-forward steps (Fig. 8(c)). Finally, the process may not diverge in 600 time-forward steps
(Fig. 8(e)). Eventually the process diverges (though xk exceeds 1 many times in the process). Eventually
the process diverges too (after 786 time-forward steps) – but that the divergence is not detected in the
observation window of 600 steps (Fig. 8(e)).

In general, finite observation windows in time (and finite prediction horizons) play an important role
in nonlinear dynamics [Lai & Tél, 2011]. It has been demonstrated in [Landauskas & Ragulskis, 2014] that
unstable orbits of a completely invertible system can be stabilized – but only temporarily and only in
finite observation windows in time. Therefore, such classification of the behavior of an unstable extended
invertible Logistic map when the solutions are investigated in finite observation windows in time (Fig. 8)
does have a clear reasoning.

Transient solutions of the unstable extended invertible Logistic map are classified into 3 distinct groups:

(i) Solutions which diverge immediately after the sequence of xk exceeds 1 for the first time.
(ii) Solutions which diverge after the sequence of xk exceeds 1 multiple times in a fixed number of time-forward
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steps.
(iii) Solutions which do not diverge in the fixed observation window (though the sequence of xk exceeds 1

multiple times).

Such classification of transient solutions is closely related to dynamics of systems with escapes [Blesa
et al., 2012]. However (as demonstrated in the previous section), the unstable extended invertible Logistic
map possesses only a single escape towards minus infinity. A schematic diagram illustrating the classification
of trajectories for a system with one escape is given in Fig. 9. Note that the billiard-type system used in
Fig. 9 does have nothing in common with the unstable extended invertible Logistic map – this system is
used only to graphically explain the concept used for the trajectory classification.

(a) (b) (c)

Fig. 9. The classification of trajectories for a system with one escape. The particle escapes the billiard without hitting the
walls in part (a). The particle escapes the billiard during a finite observation window (after 17 bounces) in part (b). The
particle does not escape the billiard and continues to bounce off the walls after a finite observation window (20 bounces).

4.2. The structure of the phase plane of the extended invertible Logistic map

Fractal boundaries of coexisting attractors is a common feature of nonlinear systems. The existence of
fractal boundaries hinders the predictability because an infinitesimal perturbation in initial conditions
may results to the evolution towards different attractors. The situation becomes even more unpredictable
when a single boundary separates three or more different basins of attraction – such set of basins is said to
have the Wada property [Kennedy & Yorke, 1991]. Wada properties of nonlinear systems, algorithms for
the identification and quantification of Wada boundaries – all that is a well-studied area of research [Daza
et al., 2015].

Clearly, the extended invertible Logistic map does not have Wada boundaries at a = 3.735 and b = 0.1.
Sooner or later all trajectories will diverge to minus infinity. This is a single exit for the considered system
at the defined values of parameters a and b.

However, the situation becomes much more complex if the dynamics of the extended invertible Logistic
map is considered in a finite observation window. As mentioned previously, such an approach based on
finite observation windows is well grounded – especially if invertible systems are considered [Landauskas
& Ragulskis, 2014].

Let us assign three different colors to pixels corresponding to initial conditions which yield solutions
of three different types. A green pixel is assigned to initial conditions which yield a type (i) trajectory; red
– a type (ii) trajectory; and blue – a type (iii) trajectory. The resulting phase planes (at a = 3.735 and
b = 0.1) are illustrated in Fig. 10. Two colors (green and blue) dominate the phase plane when the length
of the observation window is equal to ten forward steps (Fig. 10(a)). As mentioned previously, only two
colors (green and red) will be left in the phase plane when the length of the observation window will tend
to plus infinity.

The Wada measure of a nonlinear dynamical system can be quantified in the phase plane of initial
conditions by using specially designed computational algorithms [Landauskas & Ragulskis, 2014]. The
algorithm proposed in [Landauskas & Ragulskis, 2014] does not require to re-compute the structure of the
phase plane at different scales. And clearly, it is not sufficient to have a digital figures/image comprised
from pixels of 3 different colors to have fractal – or even Wada boundaries represented in that figures/image.
Only specialized algorithms can give a definitive answer is Wada boundaries exist – or do not exist.
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Fig. 10. The phase plane at a = 3.735 and b = 0.1. Green color corresponds to type (i) trajectories; red – to type (ii)
trajectories; blue – to type (iii) trajectories. The length of the observation window is 50 time-forward steps in part (a); 300
time-forward steps in part (ii); 600 time-forward steps in part (iii).

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

(i)  

(ii) 

(iii)

0.86 0.88 0.9 0.92 0.94

0.46

0.48

0.5

0.52

0.54

(i)  

(ii) 

(iii)

0.895 0.9 0.905 0.91

0.495

0.5

0.505

0.51

(i)  

(ii) 

(iii)

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

(i)  

(ii) 

(iii)

0.85 0.9 0.95

0.46

0.48

0.5

0.52

0.54

(i)  

(ii) 

(iii)

0.89 0.895 0.9 0.905 0.91

0.49

0.495

0.5

0.505

0.51

(i)  

(ii) 

(iii)

Fig. 11. The phase plane at a = 3.735, b = 0.1 and 600 time-forward steps. The figures/images in the upper row illustrate
the small-grain structure of the phase plane. The figures/images in the bottom row illustrate the same plane without the
re-computation (standard zoom operation is used to reveal the distribution of pixels).

Before using validated algorithms to compute the Wada property, we illustrate the embedded struc-
ture of the boundaries with and without re-computation of the small-scale structure of the phase plane
(Fig. 11). Note that pixels of three different colors exist both in re-computed and noon-recomputed zoomed
figures/images in Fig. 11.

Now, it is possible to compute (and test) both the fractal dimension and the Wada property of the
phase plane of the extended invertible Logistic map at a = 3.735; b = 0.1 – and plot these values in respect
to the length of the observation window. As noted in [Landauskas & Ragulskis, 2014], a direct relationship
between the fractal dimension and the Wada measure does not always exist in nonlinear systems. Fig. 12
illustrates this fact too – but from a completely different point of view.

Note that the fractal dimension of the phase plane decreases almost monotonically with the increasing
length of the observation window. Initially, just after few forward iterations, the fractal dimension of the
phase plane is maximal. Then, as the number of forward iterations grow, blue pixels disappear and the
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Fig. 12. Fractal dimension (D – represented by a thin solid line) and Wada measure (W – shown as a thick solid line) as a
function of the length of the observation window (a = 3.735; b = 0.1).

basin boundaries between type (i) and type (ii) become smooth.
The Wada property is low at the small number of forward steps from initial conditions – there are no

red pixels in the phase plane. Thus, though the fractal dimension of the basin boundaries is very high, its
Wada feature is equal to zero. The Wada feature of the phase plane reaches its maximum at around 400
forward steps (Fig. 12); this peak is predetermined by the statistical properties of the escape times. The
Wada feature of the phase plane decreases down to zero for longer observation windows as trajectories
starting from almost all initial conditions do diverge.

As noted previously, the Wada feature of the phase plane is computed using specialized algorithms for
the identification of the Wada property. Strictly speaking, the identified Wada-type transient boundaries
do not exist – eventually all trajectories diverge to minus infinity. However, this feature is important when
finite observation windows are used (as illustrated in Fig. 9). Note that transient Wada boundaries should
not be miss-interpreted as partially Wada basin boundaries [Zhang & Luo, 2013] – the later having a
completely different physical interpretation.

4.3. Temporary divergence control for the extended invertible Logistic map

Temporary stabilization of unstable orbits in a completely invertible discrete bouncer model is presented in
[Landauskas & Ragulskis, 2014]. Apparently, it is tempting to apply similar short-impulse based stabiliza-
tion techniques for the extended invertible Logistic map. However, there are two main differences between
the bouncer model and the extended invertible Logistic map.

The first one is related to the nature of stabilization in both systems. An unstable orbit in the bouncer
system is stabilized by placing the initial conditions on the pseudo-stable structure of non-asymptotic
convergence [Landauskas & Ragulskis, 2014]. However, the pseudo-stable structure of non-asymptotic con-
vergence does not exist in the extended invertible Logistic map. Instead, trajectories of three different types
are intertwined in the phase space of initial conditions and do form Wada-type transient boundaries.

The second difference between the bouncer model and the extended invertible Logistic map is related
to the stability of both systems. The technique proposed in [Landauskas & Ragulskis, 2014] can be used to
stabilize an unstable orbit – but eventually the bouncer system converges to another stable orbit of a higher
order. On the contrary, we do not intend to stabilize a particular orbit in the extended invertible Logistic
map – we seek to develop a control technique which could prevent (at least temporarily) the system from
diverging.

Let us consider a trajectory of the extended invertible Logistic map (a = 3.735, b = 0.1) with
x0 = 0.99375 and y0 = 0.475. This is a trajectory of the first type – it diverges immediately after xk
exceeds 1 for the first time. However, a simple impulse-based control technique proposed in [Landauskas
& Ragulskis, 2014] would not work for the extended invertible Logistic map because of the Wada-type
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transient boundaries.
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Fig. 13. Wada-type transient boundaries around the point where the sequence of xk exceeds 1 for the first time (shown as
a white circle). The observation window is 10 time-forward steps in part (a); 100 steps in part (b); 300 steps in part (c) and
2000 steps in part (d).

Let us consider transient Wada-type boundaries around the point where the sequence of xk exceeded 1
for the first type (Fig. 13). Three different observation windows are used to visualize transient Wada-type
boundaries – 10 time-forward steps in part (a); 100 steps in part (b) and 300 steps in part (c). Note that
the number of time-forward steps is calculated from the moment when the trajectory of xk exceeds 1.

It can be observed that three different types of trajectories are intertwined in Fig. 13 (parts (b) and
(c)). A small impulse could be used to kick the system into the half-plane of intertwined trajectories. But
the outcome of such a control method becomes unpredictable because initial conditions do form Wada-type
boundaries in this region.

The goal of the control method based on a small impulse (applied immediately after x3 exceeds 1) is
to carry the system to new initial conditions coinciding with a blue point (a type (iii) trajectory). A small
impulse is illustrated in the image of Wada-type transient boundaries with the observation window of 300
time-forward steps (Fig. 14 part (a)). As mentioned previously, the outcome of such a control method is
unpredictable. Therefore, the region around the new initial conditions (after the control impulse) is zoomed
in Fig. 14 part (b). The initial control impulse could be considered as a coarse control method with an
unpredictable outcome. Then, immediately after the execution of the impulse, an adaptive correction (much
smaller than the initial impulse) could be used to scan the surrounding of new initial conditions. New initial
conditions are represented by the middle black dot in Fig. 14 part (b); adaptive corrections are illustrated
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Fig. 14. Temporary control of the divergence for the extended invertible Logistic map (a = 3.735, b = 0.1). The observation
window for transient Wada-type boundaries in part (a) is 300 steps. The goal is to prevent the system from divergence during
next 300 time-forward steps. The control impulse is applied at step 3 (x3 > 1); the state of the system before the impulse is
shown as a white circle; after the impulse – as a black circle (part (a)). The zoomed surrounding of the black circle is shown in
part (b). Part (c) shows 3 different trajectories after the control impulse: grey thick line shows dynamics after the new initial
conditions x4 = 0.9689 and y4 = 0.06301; thin grey line – x4 = 0.9693 and y4 = 0.06301; dotted grey line – x4 = 0.9691 and
y4 = 0.06301. Light grey line shows the divergence of the uncontrolled system.

by two black dots – on the left and on the right of the middle dot. Fig. 14 part (c) shows 3 different
trajectories originating from these 3 initial conditions: grey thick line shows dynamics after the new initial
conditions x4 = 0.9689 and y4 = 0.06301; thin grey line – x4 = 0.9693 and y4 = 0.06301; dotted grey line
– x4 = 0.9691 and y4 = 0.06301. Light grey line shows the evolution of the uncontrolled system.

5. Concluding remarks

A technique for temporary control of the divergence of the extended invertible Logistic map is proposed in
this paper. This technique is based on small impulses which bring the system back to the region where the
sequence of xk does not exceed 1. However, such a control technique faces considerable difficulties because
initial conditions of three different types of trajectories are intertwined in the control phase plane. Special
algorithms are used to prove that these initial conditions do form Wada-type boundaries. Therefore, the
outcome of a control technique based on a single impulse becomes unpredictable.

An adaptive control technique is proposed to tackle this problem – the surroundings of the initial
conditions after the control impulse can be scanned in order to identify such initial conditions which would
yield a transient process which would not diverge in the fixed observation window. Such perturbation
technique works well in a simplified computational setup – but would be difficult to implement in a
real-time control problem. However, a simple adaptation of the discussed control technique can solve all
problems – a small control impulse can be used every time when the sequence of xk exceeds 1. The only
requirement for such a control technique is that the system should be brought into the region of Wada-type
boundaries after the control impulse. Otherwise (if the system stays in the region of type (i) trajectories
after the impulse), control impulses would be required almost after every time-forward step.

Moreover, this control technique could be seriously improved. As mentioned previously, the goal of the
proposed control technique is to bring the system to initial conditions coinciding with a blue point in the
Wada-type boundary diagram (the trajectory of the type (iii)). Thus, it is possible to compute a statistical
distribution of blue points in the Wada-type boundary diagram and aim the control impulses to the areas
with the highest concentrations of blue points. That would increase the probability of reaching a type (iii)
trajectory and eliminate the necessity to apply the control impulse every time when the sequence of xk
exceeds 1.

It is important to observe that the proposed control technique is applied to the unstable extended
invertible Logistic map. In other words, the parameters of the extended invertible Logistic map are such
that the system diverges to minus infinity from any initial conditions (in the absence of the control). Such
approach could find promising applications to temporary divergence control of other unstable maps – what
is a definite objective of the future research.
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